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Chapter  1 


Introduction 


1.1  Introduction 

Over  the  past  several  decades,  digital  information  has  constituted  an  ever  in¬ 
creasing  proportion  of  the  traffic  over  telecommunications  systems.  There  are  two 
main  factors  contributing  to  this  trend.  First,  along  with  the  explosive  growth  in 
the  number  of  computers,  there  has  been  an  increase  in  the  amount  of  data  being 
sent  to,  from,  and  between  computers.  Second,  with  the  emergence  of  low  cost  im¬ 
plementations  made  possible  by  VLSI,  it  has  become  economical  to  digitally  encode 
a  variety  of  analog  signals  such  as  voice,  facsimile,  and  video,  usually  resulting 
in  lower  cost  and  higher  quality  systems.  The  need  for  digital  communications  to 
support  both  computer  data  and  digitized  analog  signals  has  spawned  a  great  deal 
of  research  into  efficient  means  for  the  transmission  of  digital  data. 

The  characteristics  of  computer  communications  differ  from  those  of  voice  traf¬ 
fic.  One  difference  is  that  in  computer  networks  there  is  often  a  requirement  for  a 
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very  low  probability  of  transmission  error.  For  example,  noise  in  a  voice  conversa¬ 
tion  can  lead  to  static  and  a  perceived  degradation  of  quality,  while  similar  noise 
occurring  during  the  transmission  of  financial  records  could  cause  a  loss  of  millions 
of  dollars.  Another  characteristic  of  computer  networks  is  that  the  traffic  from  in¬ 
dividual  users  comes  in  bursts.  More  precisely,  there  are  long  periods  during  which 
no  data  is  generated  (idle  time),  puncttiated  by  short  periods  during  which  large 
amounts  of  data  axe  generated  for  transmission.  This  characteristic  of  the  traffic  is 
referred  to  as  burstiness.  As  an  example  of  why  the  traffic  is  bursty,  consider  the 
communications  between  a  remote  line-oriented  terminal  and  a  central  computer. 
The  link  from  the  terminal  to  the  computer  is  idle  while  the  person  at  the  terminal 
ponders  what  to  do  next.  When  he  finally  types  in  a  line  of  data  followed  by  a 
carriage  return,  the  entire  line  of  up  to  80  characters  is  transmitted,  after  which 
the  link  from  the  terminal  to  the  computer  is  idle  until  the  next  line.  Because  the 
characteristics  of  computer  traffic  are  different  from  those  of  the  more  traditional 
voice  traffic,  new  techniques  were  developed  to  allow  the  communications  resources 
in  a  computer  network  to  be  used  efficiently. 

One  such  technique  is  the  use  of  error  detection  to  insure  that  transmission 
errors  are  identified.  Network  protocols  include  a  means  for  notifying  the  source  of 
a  message  when  an  error  in  the  received  data  is  spotted  so  that  the  message  can  be 
repeated.  However,  this  method  of  repeating  unsuccessfully  transmitted  messages 
can  be  very  weisteful,  as  a  single  error  can  cause  a  long  message  to  be  repeated. 
The  efficiency  can  be  improved  by  dividing  the  messages  into  shorter  blocks  of  data 
called  packets,  typically  about  1000  to  4000  bits  in  length.  Unless  the  channel  is 
very  bad,  most  of  the  packets  will  be  received  error  free,  so  only  the  fraction  of  the 
message  corresponding  to  the  unsuccessful  packets  need  be  repeated. 

The  actual  transmission  medium  for  the  packets  can  take  a  variety  of  forms. 
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The  most  common  forms  include  copper  wire,  coaxial  cable,  fiber  optics,  microwave 
point  to  point  links,  satellite  channels,  and  broadceist  radio.  In  this  dissertation,  the 
performance  of  a  packet  network  using  a  broadcast  radio  channel,  i.e.,  a  packet  radio 
(PR)  network,  is  analyzed.  There  are  several  reeisons  why  radio  might  be  chosen 
as  the  transmission  medium.  If  there  are  mobile  users,  or  if  the  network  must  be 
deployed  qmckly,  then  radio  is  the  only  feasible  choice.  Many  of  the  militaiy’  systems 
have  these  criteria,  so  much  of  the  work  on  PR  networks  has  been  sponsored  by  the 
military.  The  choice  of  radio  might  also  be  made  if  the  average  aggregate  data  rate 
that  must  be  supported  is  small.  For  such  a  network,  transmission  via  radio  may 
be  the  lowest  cost  alternative.  An  example  of  such  a  system  is  the  Stanford  Packet 
Radio  Project  [18]. 

The  use  of  radio  requires  a  scheme  for  providing  multiple  access  capability,  that 
is,  the  ability  to  share  the  limited  bandwidth  among  the  users  of  the  network.  The 
simplest  method  is  to  split  the  bandwidth  into  channels  and  aissign  a  channel  to 
each  link,  i.e.,  each  source-destination  pair  with  a  non-zero  traffic  level.  This  is 
referred  to  as  frequency  division  multiplexing  (FDM).  If  the  radios  can  synchronize 
to  a  common  clock,  the  users  can  take  turns  using  the  entire  bandwidth,  in  a 
time  division  multiplexing  (TDM)  system.  These  static  allocation  schemes  can 
be  very  efficient  if  there  is  a  constant  level  of  traffic  over  each  link.  Howe%'er,  as 
discussed  previously,  in  a  computer  network,  the  traffic  is  not  constant  but  is  bursty, 
so  only  a  small  fraction  of  the  frequency  channels  or  time  slots  will  be  in  use  at 
any  time.  The  radio  bandwidth  can  be  utilized  more  efficiently  if  the  channels  or 
time  slots  are  allocated  only  to  those  radios  with  traffic  to  send.  In  a  demand 
assignment  multiple  access  (DAMA)  system,  a  small  portion  of  the  radio  channel  is 
set  aside  for  reservations.  A  radio  with  traffic  to  transmit  first  sends  a  reservation 
request.  If  an  open  channel  is  available,  a  channel  is  allocated  to  that  radio.  This  is 
similar  to  the  public  telephone  network,  w'here  a  channel  is  assigned  automatically 


3 


when  the  receiver  is  picked  up.  With  demand  assignment,  the  network  traffic  can 
be  supported  by  a  much  smaller  total  bandwidth.  The  only  drawbacks  are  the 
complexity  of  the  reservation  scheme  and  the  possibility  that  the  network  will  be 
busy  when  a  reservation  request  is  made,  causing  a  call  to  be  rescheduled  for  later. 

In  a  computer  network,  even  with  demand  assignment,  if  a  channel  is  allocated 
for  the  entire  length  of  a  call  the  channel  may  be  idle  for  long  stretches  of  time. 
This  problem  is  alleviated  by  the  use  of  message  or  packet  switching.  With  message 
switching,  the  channel  is  only  allocated  for  the  duration  of  a  message.  Thus,  in  the 
example  of  an  interactive  session  presented  earlier,  a  channel  is  allocated  for  traffic 
from  the  terminal  to  the  computer  only  for  the  short  intervals  following  each  carriage 
return  dxiring  which  there  is  a  message  to  send.  Taking  this  one  step  fmrther,  in 
a  packet  switched  DAMA  system,  each  packet  requires  channel  allocation.  The 
use  of  message  or  packet  switching  czm  greatly  reduce  the  percentage  of  time  that 
allocated  channels  sit  idle. 

Although  the  available  bandwidth  will  be  busy  a  large  fraction  of  the  time,  the 
overhead  required  for  channel  allocation  can  be  significant.  Therefore,  many  packet 
switched  systems  make  use  of  a  random  access  scheme  for  sharing  the  channel.  In 
a  random  access  system,  there  is  little  or  no  overhead  for  channel  allocation.  The 
simplest  random  access  scheme  is  ALOHA  (!].  Each  radio  with  a  packet  to  send 
independently  chooses  a  random  point  in  time  at  which  to  transmit.  At  the  trans¬ 
mission  time,  referred  to  as  the  scheduling  point,  the  packet  is  transmitted  using 
the  entire  available  bandwidth.  If  two  packets  overlap  in  time,  a  collision  is  said 
to  occur,  and  both  packets  must  be  retransmitted.  As  long  as  the  traffic  level  is 
low,  the  probability  of  a  collision  will  be  small,  so  the  waste  due  to  retransmissions 
will  also  be  small.  If  the  radios  are  half-duplex,  meaning  they  cannot  transmit  and 
receive  at  the  same  time,  a  slightly  modified  version  known  as  disciplined  AL0H.4 
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can  be  used  [27],  [5].  With  this  protocol,  a  packet  is  transmitted  at  the  random 
scheduhng  point  only  if  the  radio  is  not  busy  receiving  a  packet.  Thus,  a  radio 
will  not  throw  away  a  partially  received  packet  in  order  to  transmit  a  packet.  Be¬ 
cause  they  are  matched  to  the  characteristics  of  the  traffic,  packet  switched  random 
access  networks  allow  the  communications  resources  to  be  used  efficiently  for  the 
transmission  of  computer  data. 

In  addition  to  the  necessity  of  providing  a  multiple  access  scheme,  there  are 
various  other  drawbacks  to  using  radio,  especially  for  the  military  user  who  has 
the  additional  constraints  of  security  and  siirvivability.  To  overcome  the  two  most 
serious  problems,  namely,  jamming  and  interception  of  transmissions,  spread  spec¬ 
trum  signalling  was  developed.  W'ith  this  type  of  signalling,  the  transmitted  signal 
is  spread  over  a  very  wide  bandwidth  so  that  the  energy  density  per  Hertz  is  very 
small.  This  results  in  a  signal  that  is  robust  in  the  presence  of  hostile  jammers,  and 
one  that  is  even  difficult  for  an  enemy  to  detect.  Almost  all  of  the  early  work  on 
spread  spectrum  was  classified,  and  the  technique  was  used  only  in  militaiy'  systems. 
In  addition  to  the  anti-jam  and  anti-intercept  properties,  spread  spectrum  signalling 
provides  several  other  benefits.  These  include  the  capability  of  ranging,  robustness 
against  multi-path,  and  the  possibility  of  spread  spectrum  multiple  access,  discussed 
below.  Consequently,  over  the  past  two  decades,  a  number  of  unclaissified  papers 
and  books  on  spread  spectrum  have  been  published,  and  commercial  systems  mak¬ 
ing  use  of  this  technique  have  emerged.  Scholtz  heis  written  a  detailed  accoimt  of 
the  history  of  spread  spectrum  in  [45]. 

In  a  multiple  access  network,  spread  spectrum  channels  have  the  additional 
benefit  of  allowing  the  successful  transmission  of  concxirrent  packets.  For  systems 
in  which  spread  spectrum  is  not  used,  commonly  called  narrowband  systems,  any 
packets  which  overlap  will,  with  a  probability  veiy  nearly  equal  to  one.  contain 
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errors  and  therefore  will  not  be  successful.  In  a  spread  spectrum  system,  if  different 
spreading  codes  are  used,  a  number  of  transmissions  can  simultaneously  occupy  the 
channel,  and  each  will  suffer  only  slight  degradation  in  signal  quality  compared  to 
the  performance  of  a  single  transmission.  Consequently,  when  an  ALOHA  trans¬ 
mission  protocol  is  t;sed  in  a  radio  network  with  sufficient  spreading,  more  than 
one  packet  can  be  transmitted  concurrently  with  a  non-zero  probability  of  success. 
Such  a  system  is  referred  to  as  a  spread  spectrum  multiple  access  (SSMA)  system. 
Furthermore,  if  the  codes  being  used  are  roughly  orthogonal,  the  probability  of  suc¬ 
cess  will  be  almost  one.  A  system  which  relies  on  the  low  cross-correlation  of  an 
orthogonal  set  of  codes  is  referred  to  as  a  code  division  multiple  access  (CDMA) 
system. 

The  technique  of  forward  error  correction  (FEC)  coding  can  improve  the  per¬ 
formance  of  an  SSMA  system.  In  a  system  using  FEC  coding,  the  data  is  formed 
into  codewords  which  are  sequences  of  binarj'  symbols,  such  that  there  are  more 
symbols  in  a  codeword  that  there  are  bits  in  the  data  processed.  The  codewords 
form  a  small  subset  of  all  possible  combinations  of  symbols.  The  receiver  includes  a 
decoder,  which  chooses  the  valid  codeword  that  is  closest  to  the  received  sequence 
of  symbols.  Even  if  a  small  percentage  of  the  symbols  axe  received  in  error,  the 
correct  codeword  can  still  be  chosen,  so  there  will  be  no  errors  in  the  data  bits 
output  by  the  decoder.  Of  course,  if  there  are  a  large  number  of  symbol  errors,  the 
wrong  codeword  will  be  chosen,  and  the  packet  will  be  unsuccessful. 

There  are  two  main  classes  of  FEC  coding.  In  the  first  class,  block  coding,  the 
codewords  are  generated  from  contiguous  blocks  of  data,  typically  on  the  order  of 
64  or  128  bits.  The  decoder  then  processes  the  entire  received  block  of  symbols, 
finding  the  fixed  length  codeword  which  is  closest.  In  the  second  class,  convolutional 
coding,  the  codewords  are  formed  as  a  running  function  of  the  data  bits  over  a  fixed 
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size  window.  For  example,  in  the  convolutional  code  studied  in  Chapter  5,  the  two 
symbols  output  at  each  bit  position  are  a  function  of  the  data  over  the  previous  seven 
bits.  In  effect,  a  single  codeword  is  generated  from  the  entire  packet.  The  decoder 
must  compare  all  possible  codewords  of  a  length  equivalent  to  the  length  of  the 
packet,  and  choose  the  codeword  that  is  closest  to  the  received  sequence.  Although 
this  may  sound  like  an  impossible  task,  an  algorithm  introduced  by  Viterbi  performs 
precisely  this  function  [51].  The  Viterbi  algorithm  has  been  implemented  with  low 
cost  hardware,  which  has  furthered  the  popularity  of  convolutional  coding  with 
Viterbi  decoding. 


1.2  Existing  Work 

In  a  CDMA  system  with  a  well  chosen  set  of  spreading  codes,  the  effect  of  multi¬ 
user  interference  can  be  reduced  relative  to  the  levels  encountered  in  an  SSMA 
system.  The  evaluation  of  the  bit  error  rate  (BER)  of  CDMA  systems  has  been 
a  very  active  field  of  research.  Results  for  direct  sequence  (DS)  spread  spectrum 
charmels  which  specifically  account  for  the  cross-correlations  of  the  codes  being  used 
include  bounds  on  the  BER  (e.g.  [38],  [39],  [14],  [29]),  and  various  approximations 
to  the  BER  (e.g.  [53],  [19],  [20]).  These  results  can  also  be  used  to  find  the  BER  for 
SSMA  systems  by  assuming  that  the  codes  used  are  independent  random  sequences. 
The  expression  for  random  codes  are  usually  much  simpler  than  the  expressions 
accounting  for  the  cross-correlation  of  codes. 

If  the  multi-user  interference  is  constant  during  the  transmission  of  a  packet,  for 
example  in  a  slotted  PR  network,  the  BER  results  can  be  used  directly  to  find  the 
probability  of  a  packet  being  successful  (i.e.,  received  without  errors).  Furthermore, 
the  performance  of  slotted  systems  which  include  (FEC)  coding  can  be  found  by 
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using  standard  techniques  for  the  evaluation  of  decoder  performance.  One  of  the 
first  such  analyses  was  that  of  Raychaudhuri  [43],  who  derived  the  throughput 
and  delay  performance  of  a  slotted  packet  network.  A  frequency-hopped  spread 
spectrum  slotted  PR  network  was  analyzed  by  Pursley  in  [40]. 

It  is  feasible  to  implement  a  slotted  network  only  if  for  every  radio  in  the  net¬ 
work  there  is  only  a  small  difference  in  propagation  delay  between  all  transmissions 
reaching  that  radio.  However,  for  terrestrial  PR  networks  which  cover  a  large  ge¬ 
ographical  area,  the  difference  in  propagation  delay  makes  time-slotting  difficult. 
Also,  if  the  radios  are  mobile,  time-slotting  can  be  impossible.  Consequently,  a 
large  class  of  PR  networks  will  be  unslotted.  In  order  to  evaluate  the  performance 
of  an  xmslotted  network,  it  is  necessary  to  consider  the  reception  of  packets  for  wliich 
the  multi-user  interference  varies  over  time.  This  variation  causes  several  difficulties 
in  the  analysis.  First,  the  model  must  account  for  the  number  of  simultaneous  trans¬ 
missions  occurring  at  each  time  during  the  packet  reception.  Second,  for  systems 
using  FEC  coding,  the  probability  of  error  depends  upon  the  multi-user  interference 
over  an  interval  of  time.  Standard  results  for  FEC  decoder  performance  assume  a 
constant  error  rate.  Consequently,  the  decoder  performance  must  be  reevaluated 
for  the  case  when  the  error  rate  varies  during  the  reception  of  a  packet. 

An  early  analysis  of  an  unslotted  network,  in  which  a  simple  model  was  used 
to  account  for  the  varying  multi-user  interference,  was  carried  out  by  Musser  and 
Daigle  [31].  From  the  results  of  analyses  of  BER,  such  as  those  mentioned  earlier, 
it  was  seen  that  for  systems  using  FEC  coding,  when  the  number  of  simultaneous 
transmissions  is  constant  during  the  entire  packet,  the  probability  of  correctly  de¬ 
coding  a  packet  is  a  very  sharp  function  of  the  number  of  treinsmissions.  Musser  and 
Daigle  approximated  this  function  by  a  step  function,  and  considered  that  a  given 
packet  will  be  successful  if  the  maximum  number  of  simultaneous  transmissions  oc- 


curring  during  the  transmission  time  of  the  packet  is  not  greater  than  some  cutoff 
£,  and  will  be  unsuccessful  if  the  maximtom  is  greater  than  L.  By  eissuming  that 
this  step  fxmction  approximation  is  valid  even  when  the  number  of  simultaneous 
transmissions  varies,  they  found  the  throughput  of  an  unslotted  network  with  an 
infinite  population. 

Pursley  derived  a  more  exact  analysis  of  a  frequency  hopped  spread  spectrum 
unslotted  network  with  FEC  coding  [41].  By  deriving  expressions  for  the  probability 
distributions  of  the  maximum  and  minimum  number  of  simultaneous  transmissions 
occurring  during  a  given  time  interval,  he  was  able  to  find  upper  and  lower  bounds 
on  the  probability  of  success  for  a  fixed  length  packet  which  led  to  bounds  on  the 
throughput.  Taipale  analyzed  the  performance  of  a  Viterbi  decoder  and  derived  a 
bovmd  on  the  probability  of  a  packet  being  successful  for  a  direct-sequence  spread 
spectrum  system  using  convolutional  FEC  coding  that  wzis  shown  to  be  tighter  than 
previous  bounds  [50].  However,  this  boimd  requires  a  constant  error  rate  throughout 
the  entire  packet.  Using  the  bounding  approach  developed  by  Pursley,  he  also  found 
bounds  on  network  throughput. 

In  addition  to  the  occurrence  of  bit  errors  due  to  thermal  noise  and  multi-user 
interference,  there  are  a  variety  of  other  factors  which  influence  the  success  or  failure 
of  a  packet  transmission.  One  very  important  factor  is  the  preamble  synchronization 
process.  There  has  been  a  great  deal  of  work  recently  concerning  the  synchronization 
of  spread  spectrum  codes.  Polydorous  and  Weber  formulated  a  unified  approach 
to  the  analysis  of  synchronization  in  [35]  emd  [36].  This  was  extended  to  the  case 
of  a  system  with  modulation  and  jamming  by  Siess  and  Weber  in  [48].  Although 
these  analyses  are  aimed  at  acquiring  a  steady  stream  of  traffic,  rather  than  a  short 
packet,  the  results  can  also  be  applied  to  packet  radio  systems.  There  have  been 
very  few  papers  published  regarding  the  effect  of  synchronization  in  packet  sj-stems. 
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Davis  and  Gronemeyer  used  a  simple  capture  model  of  the  synchronization  process 
in  a  slotted  system  [11].  They  assumed  that  there  is  a  vulnerable  period  at  the  start 
of  the  packet  such  that  synchronization  will  be  successful  with  probability  one  if  no 
other  packets  begin  transmission  within  the  vulnerable  period,  and  with  probabil¬ 
ity  zero  if  one  or  more  other  packets  begin  in  this  period.  In  [44],  Rappaport  and 
Schilling  consider  the  acquisition  of  packets  in  a  frequency  hopped  system  in  the 
presence  of  jamming.  Kowatsch  [28]  describes  a  hardware  implementation  of  a  syn¬ 
chronization  circuit,  and  presents  both  theoretical  and  experimental  performance. 
Despite  the  number  of  papers  concerning  the  synchronization  of  spread  spectrum 
signals,  few  of  these  have  considered  the  performance  of  packet  systems,  and  there 
have  been  no  published  results  which  precisely  account  for  the  effect  of  multi-user 
interference  on  the  synchronization  process. 

In  SSMA  networks  with  a  large  spreading  factor  or  a  low  density  of  radios, 
the  multi-user  interference  is  almost  negligible.  Therefore,  such  networks  can  be 
modeled  by  assuming  that  the  interfering  transmissions  of  other  radios  have  no  effect 
on  the  quality  of  the  channel  between  any  pair  of  radios.  If  the  received  signal  power 
is  high  enough  that  thermal  noise  can  also  be  ignored,  which  is  usually  the  case, 
then  it  can  be  assumed  that  any  packet  that  is  received  is  successful  with  probability 
one,  irrespective  of  the  number  of  radios  transmitting.  This  is  referred  to  as  the 
perfect  capture  assumption.  Recently,  there  have  been  a  number  of  studies  of  the 
performance  of  PR  networks  with  perfect  capture  ([32],  [5],  [4],  [12]).  However,  for  a 
given  data  rate,  larger  spreading  factors  require  a  proportionally  larger  bandwidth. 
In  other  words,  for  a  fixed  bandwidth  and  data  rate,  the  multi-user  interference  will 
become  significant  as  the  number  of  simultaneous  transmissions  increases.  Since  a 
greater  overall  throughput  may  be  possible  with  more  transmissions,  the  maximum 
performance  might  be  achieved  in  the  range  for  which  perfect  capture  is  not  a  valid 
assumption. 
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In  sunimarj',  many  advances  have  been  made  into  the  analysis  of  the  various 
parts  constituting  am  SSMA  PR  network.  However,  to  a  large  extent,  each  work 
has  focused  on  characterizing  some  effect  in  isolation  from  the  rest  of  the  system. 
On  the  one  hand,  it  may  not  be  clear  from  the  derived  results  such  as  BER  or 
probability  of  synchronization  what  the  impact  on  network  throughput  will  be.  On 
the  other  hand,  the  throughput  analyses  often  ignore  or  greatly  simplify  the  effects 
of  the  channel  performance.  Another  shortcoming  is  that  there  is  no  indication  of 
the  interaction  between  the  various  effects,  or  the  regions  where  one  effect  dominates 
the  overall  performance.  Clearly,  there  is  a  need  for  a  more  comprehensive  model 
of  a  spread  spectrum  miiltiple  access  packet  radio  network. 


1.3  Overview 

The  aim  of  this  dissertation  is  to  study  the  performance  of  a  spread  spectrum 
multiple  access  (SSMA)  packet  radio  (PR)  network,  and  to  examine  the  effect  on 
the  network  level  performance  of  the  performance  of  the  receiver  and  the  SSMA 
radio  channel.  To  achieve  this,  it  is  necessary  to  combine  a  number  of  different 
aspects  of  the  system  into  a  single  model.  An  exact  analysis  at  every  level  would 
lead  to  a  model  which  is  either  intractable  or  is  too  complex  to  yield  numerical 
results.  Consequently,  the  analysis  requires  several  approximations  so  that  numer¬ 
ical  results  can  be  found.  However,  the  use  of  crude  approximations  wo\ild  lead 
to  a  model  which  does  not  accurately  demonstrate  the  effects  of  the  channel  level 
parameters.  In  some  instances,  it  is  necessary  to  rely  on  bounds  rather  than  tight 
approximations.  Thus,  the  results  are  close  approximations  to  lower  bounds.  Of 
course,  this  is  neither  a  true  bound  nor  a  tight  approximation.  Nevertheless,  the 
approximations  are  much  tighter  than  the  bounds,  so  the  result  can  be  considered 
to  be  a  lower  bound,  albeit  one  that  results  from  an  approximate  analysis. 
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The  formulation  of  the  system  model  requires  a  balance  between  accuracy  and 
tractability.  The  result  is  an  integrated  model,  which  accounts  for  the  important 
details  of  both  the  radio  channel  performance  and  the  network  evolution  over  time. 
At  the  network  level,  the  half-duplex  nature  of  the  radios  is  specifically  included. 
Furthermore,  the  model  traces  the  evolution  over  time  of  the  number  of  interfering 
transmissions,  and  the  results  account  for  the  probability  of  success  of  a  packet 
given  this  varying  level  of  interference.  Specific  network  level  parameters  are  the 
network  size  M  and  the  traffic  rate  g. 

Tn  order  to  extend  the  model  to  studj'  a  system  ’rsing  FEC  coding,  a  new 
auialysis  of  the  performance  of  the  Viterbi  decoder  is  required.  Standard  results 
treat  a  system  in  which  the  probability  of  error  on  the  raw  channel  is  constant 
over  all  time.  In  addition,  the  standard  analyses  usually  lead  to  the  long  term 
average  rate  of  bit  errors,  rather  than  the  probability  of  success  for  a  short  packet. 
The  analysis  in  this  dissertation  extends  the  existing  studies  of  the  performance  of 
the  Viterbi  decoder  to  the  more  general  case  of  a  system  with  a  varying  channel 
error  rate,  and  leads  to  a  boimd  on  the  probability  of  success  for  a  packet.  The 
resulting  bound  allows  the  integrated  system  model  to  be  used  for  a  network  with 
FEC  coding. 

Existing  studies  of  the  performance  of  the  spread  spectrum  code  synchronization 
process  are  extended  to  the  case  of  a  multiple  access  system.  An  approximate 
analysis  leads  to  the  probability  of  false  alarm  and  probability  of  detection  for  a 
signal  received  in  the  presence  of  interfering  transmissions.  This  is  perhaps  the  first 
detailed  treatment  of  the  synchronization  process  in  a  multiple  access  system.  In 
addition  to  these  probabilities,  the  overall  performance  of  a  specific  synchronization 
circuit  is  studied,  and  the  model  of  the  synchronization  process  is  incorporated  into 
the  integrated  system  model. 
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This  approach  leads  to  ntomerical  results  for  the  throughput  els  a  function  of 
the  the  modulation  format,  the  received  signal  power,  Eb/No,  and  the  bandwidth 
expansion  W  (in  chips  per  bit),  for  a  system  using  FEC  coding  els  well  as  for  an 
uncoded  system.  The  derived  throughput  is  also  a  fimction  of  the  synchronization 
circuit  used,  and  of  parameters  of  the  synchronization  circuit,  such  as  the  detec¬ 
tion  threshold  and  correlation  time.  Numerical  results  indicate  three  major  effects; 
channel  errors,  receiver  availability  and  imperfect  synchronization.  It  is  shown  that 
with  certain  synchronization  circuits,  when  the  thresholds  are  optimized,  the  per¬ 
formance  can  be  veiy'  close  to  the  performance  of  an  ideal  network  with  perfect 
synchronization.  However,  the  performance  is  fairly  sensitive  to  the  parameter  set¬ 
tings.  Nevertheless,  results  for  the  ideal  network  will  give  a  good  approximation  to 
the  performance  of  the  realistic  system  in  which  the  synchronization  parameters  are 
optimized.  For  such  an  ideal  network,  it  is  seen  that  when  the  bELndwidth  expansion 
W  is  low,  the  limitation  on  throughput  is  due  almost  entirely  to  the  channel  errors. 
For  such  a  case,  a  simpler  infinite  population  model  is  very  accurate.  When  W  is 
large,  the  limitation  is  due  to  the  lack  of  idle  receivers,  and  the  performance  is  very 
close  to  the  performance  achieved  when  the  channel  is  perfect.  It  is  also  shown 
that  the  transition  between  the  two  regimes  is  abrupt,  especially  for  the  FEC  coded 
channel.  The  numerical  results  show  the  impact  of  the  three  major  effects,  and  the 
regions  where  each  effect  is  the  primary  factor  limiting  the  performance. 

The  overall  system  model  is  described  in  Chapter  2.  This  includes  a  general 
description  of  the  system,  and  the  assumptions  and  approximations  used  to  lead  to 
a  tractable  model.  The  uncoded  radio  channel  model  is  summarized  in  Chapter  3. 
There  are  a  number  of  formats  that  may  be  used  for  modulating  the  RF  carrier. 
In  the  literature,  the  probability  of  error  has  been  determined  for  many  of  these 
formats.  Because  the  results  of  later  chapters  rely  in  part  on  these  radio  channel 
results,  a  model  of  the  SSMA  radio  channel  and  the  resulting  probabilities  of  bit 
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error  axe  reviewed.  Modulation  formats  considered  include  binary’  phase  shift  key¬ 
ing  (BPSK),  quadrature  phase  shift  keying  (QPSK),  differential  phase  shift  keying 
(DPSK),  and  binary  frequency  shift  keying  (FSK).  In  addition,  an  upper  bound  on 
the  probability  of  error  for  a  BPSK  system  is  described.  Pursley  [42]  heis  shown  that 
this  bound  leads  to  channel  errors  which  are  conditionally  independent,  given  the 
number  of  simultaneous  transmissions.  This  conditional  independence  is  necessary 
in  the  derivation  of  the  FEC  decoder  model  in  Chapter  5. 

The  network  model  is  analyzed  in  Chapter  4,  leading  to  expressions  for  the 
throughput  and  the  average  probability  of  success.  Both  an  infinite  population  and 
a  finite  population  model  are  developed.  For  the  latter  model,  the  number  of  radios 
receiving  packets  is  specifically  accounted  for,  giving  a  more  accurate  representation 
of  a  half-duplex  radio  network.  The  models  take  as  parameters  the  probability  of 
receiving  (synchronizing  to)  a  packet  and  the  probability  of  bit  errors  in  the  presence 
of  multi-user  interference  and  noise.  Num'^rical  results  are  given  for  the  uncoded 
charmel,  with  the  assumption  of  perfect  synchronization.  The  throughput  is  plotted 
as  a  function  of  the  channel  paran... ' '='rs,  such  as  received  signal  power  jEfc/A'o  and 
spreading  ratio  IF,  and  the  network  parameters,  such  as  traffic  rate  g  and  network 
size  M. 

In  a  narrowband  system,  the  network  performance  can  often  be  improved  bo¬ 
using  channel  sense  multiple  access  (CSMA)  [26].  For  this  CSMA  protocol,  radios 
sense  the  state  of  the  channel  and  block  transmissions  w'hen  the  channel  is  busy. 
Similarly,  in  an  SSMA  network  where  multiple  users  can  transmit  simultaneously, 
improvement  may  be  possible  if  the  radios  can  sen.se  the  number  of  radios  transmit¬ 
ting  and  block  transmission  when  the  channel  is  heavily  loaded.  This  is  referred  to 
as  channel  load  sensing.  A  modification  of  the  network  model  accounts  for  a  channel 
load  sensing  protocol.  Numerical  results  given  in  §4.3  demonstrate  the  improvement 
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due  to  this  protocol. 

The  performance  of  a  Viterbi  decoder  in  a  packet  environment  is  analyzed  in 
Chapter  5,  leading  to  a  model  of  the  coded  channel  which  is  easily  incorporated  into 
the  network  model.  In  a  system  with  FEC  coding,  a  packet  will  be  successful  only 
if  there  are  no  errors  in  the  decoded  bit  sequence.  The  bit  errors  in  the  data  stream 
output  from  a  Viterbi  decoder  are  highly  correlated,  even  if  the  symbol  errors  are 
independent.  Because  there  is  positive  correlation,  a  simple  lower  boimd  on  P5,  the 
probability  that  a  packet  is  successful,  can  be  found  from  the  product  over  all  bits 
of  one  minus  the  probability  of  bit  error.  However,  this  bound  is  fairly  loose  and  in 
Chapter  5,  a  tighter  bound  on  P5  is  derived.  The  bound  is  a  product  over  all  bits 
of  a  boimd  on  the  probability  that  no  decoder  error  is  made  at  the  given  bit.  The 
bound  yields  an  error  process  which  is  independent  from  bit  to  bit.  Furthermore,  it 
is  shown  that  for  the  packet  systems  considered,  the  bound  on  the  probability  of  not 
making  a  decoder  error  at  a  given  bit  is.  to  a  good  approximation,  a  function  only  of 
the  current  probability  of  symbol  error.  This  approximate  probability  is  evaluated 
numerically  for  a  specific  rate  1/2,  constraint  length  7  convolutional  code.  The 
validity  of  the  approximation  is  verified  with  a  simulation  model.  The  analysis 
yields  Pc{X),  the  probability  of  a  correct  decoder  decision  given  A'  simultaneous 
transmissions.  This  is  used  in  the  network  model  to  find  the  throughput  of  the 
system  with  FEC  coding.  Numerical  results  indicate  the  performance  of  the  coded 
system  as  a  function  of  the  same  parameters  studied  in  the  uncoded  system.  Also, 
the  improvement  due  to  FEC  coding  is  shown. 

In  Chapters  3  through  5,  it  is  assumed  that  the  synchronization  process  is 
perfect,  so  that  any  packet  which  is  destined  to  an  idle  receiver  is  acquired  by 
that  receiver.  In  Chapter  6,  a  model  of  the  synchronization  process  in  a  multi-user 
packet  radio  network  is  derived.  This  model  is  incorporated  into  the  system  model  in 
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order  to  fijid  the  degradation  due  to  imperfect  synchronization.  From  the  numerical 
results,  the  performance  of  several  synchronization  circuits  can  be  compared.  Also 
shown  are  the  effects  on  network  throughput  of  the  synchronization  parameters, 
such  as  the  detection  threshold  and  the  correlation  time. 

The  integrated  model  developed  in  this  dissertation  accurately  models  a  PR  net¬ 
work  at  many  levels.  The  performance  measures  derived  are  close  approximations 
to  lower  bounds  on  the  throughput  and  the  probability  of  a  packet  being  successful. 
These  results  are  found  as  a  fxmction  both  of  radio  channel  parameters,  such  as  the 
received  signal  power  and  spreading  factor,  and  also  of  network  parameters,  such 
as  the  number  of  radios  and  traffic  rate. 


16 


Chapter  2 


System  Model 


This  chapter  is  a  description  of  the  elements  and  organization  of  the  specific 
system  being  studied,  and  the  modelling  assumptions  used.  A  more  thorough  intro¬ 
duction  to  PR  networks  is  given  by  Kahn  et  al.  in  [23].  The  book  by  Simon  et  al. 
[49]  gives  an  very  thorough  treatment  of  spread  spectrum  systems.  The  reader  is 
also  referred  to  the  tutorial  paper  by  Scholtz  [46]. 


2.1  System  Description 

The  following  terminology  is  used.  Bits  refer  to  the  uncoded  information  stream 
generated  by  the  user.  Symbols  refer  to  the  output  of  the  error  correction  encoder 
(for  a  rate  1/2  code,  there  will  be  2  symbols  per  bit).  Chips  refer  to  the  product  of 
the  data  sequence  and  the  spread  spectrum  code  sequence,  eis  in  [49], 

The  network  imder  consideration  consists  of  a  number  of  packet  radio  units 
(PRU’s)  sharing  a  single  radio  channel.  Each  PRU  contains  a  transmitter  and  a 
receiver,  and  is  connected  to  a  terminal.  A  radio  can  be  transmitting,  receiving. 
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or  idle,  but  carmot  transmit  and  receive  at  the  szime  time.  Traffic  in  the  network 
consists  of  packets  that  are  generated  at  one  terminal,  transmitted  by  the  associ¬ 
ated  PRU,  received  by  the  destination  PRU,  and  finally  output  to  the  destination 
terminal.  The  packets  are  of  varying  length,  and  the  network  is  unslotted.  The 
case  of  a  fully  connected  single-hop  network  is  considered.  Thus,  each  receiver  can 
hear  every  transmitter,  and  there  is  no  need  for  relaying  or  store-and-forwarding  of 
packets. 

Information  to  be  transmitted  is  formed  into  packets  of  data  bits.  If  used, 
forward  error  correction  (FEC)  coding  is  applied  to  these  bits,  resulting  in  binary 
symbols.  For  the  systems  using  FEC  coding,  each  packet  includes  a  known  header 
and  trailer  to  allow  for  decoder  synchronization.  Each  symbol  is  multiplied  by  a 
spreading  code,  resulting  in  a  number  of  binary  chips.  N  is  the  spreading  factor 
in  chips  per  symbol,  and  W  is  the  total  bandwidth  expansion  due  to  both  FEC 
coding  and  direct  sequence  spreading,  in  chips  per  bit.  Finally,  the  chips  are  input 
to  a  modulator  which  modulates  an  RF  carrier.  Thermal  noise  and  a  number  of 
interfering  signals  are  added  to  the  transmitted  carrier,  resulting  in  a  corrupted 
received  signal.  At  the  start  of  reception,  the  packet  must  be  acquired  by  the 
destination  radio.  The  acquisition  process  consists  of  detecting  the  start  of  the 
packet  and  synchronizing  the  local  spreading  code  and,  for  coherent  modulation 
formats,  synchronizing  to  the  the  carrier.  If  the  packet  is  successfully  acquired,  the 
receiver  tracks  the  spreading  code,  despreads  the  signal  by  multiplying  by  the  code, 
and  demodulates  the  resulting  narrowband  signal.  The  receiver  then  integrates  over 
one  symbol,  and  makes  a  hard  decision  on  the  symbol  value.  The  decoder  estimates 
the  source’s  data  bit  stream  from  the  corrupted  symbol  stream  received.  If  any  bit 
is  incorrectly  estimated,  the  entire  packet  is  discarded. 

A  packet  that  is  generated  by  a  terminal  is  stored  in  the  PRU  in  an  output  packet 
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bxifFer.  Even  after  the  packet  is  transmitted,  it  is  retained  in  this  packet  buffer  until 
an  acknowledgment  is  received  from  the  destination.  A  single  error  (following  FEC 
decoding)  in  a  received  packet  will  destroy  the  entire  packet.  Packets  include  a 
CRC  or  parity  check  code  for  detection  of  errors.  If  a  positive  acknowledgment  is 
not  received,  it  is  assumed  that  the  transmission  was  tmsuccessful,  and  the  packet 
will  be  retransmitted.  No  distinction  is  made  between  newly  generated  packets  and 
those  that  were  previously  trzinsmitted  without  success. 

The  channel  access  protocol  is  disciplined  ALOHA  [27], [5].  With  this  protocol, 
each  radio  generates  potential  transmission  times,  known  as  the  scheduling  points, 
according  to  a  random  process,  the  scheduling  process.  A  Poisson  process  is  chosen 
for  this  random  scheduling  process.  These  scheduling  points  dictate  the  only  times 
at  which  a  radio  might  begin  transmission;  however,  an  actual  transmission  will 
begin  only  if  the  radio  is  not  already  transnaitting  or  receiving  a  packet  from  another 
radio  at  the  time  of  the  scheduling  point,  and  if  the  radio  has  a  packet  a\’ailable  for 
transmission.  Thus,  a  radio  will  not  interrupt  a  partially  received  packet  in  order 
to  begin  a  packet  transmission. 

Each  packet  hais  a  fixed  length  preamble  for  spread  spectrum  code  synchroniza¬ 
tion.  Different  spreading  codes  are  used  for  the  preamble  and  the  data  portion,  and 
no  code  is  used  as  both  a  preamble  code  and  a  data  code.  Both  space  homogeneous 
and  receiver  directed  code  zissignment  for  the  preambles  are  considered.  In  the  for¬ 
mer,  all  packets  xise  the  same  code  for  the  preamble;  in  the  latter,  each  radio  has 
a  unique  code  known  by  all  other  radios,  and  the  preamble  of  each  packet  uses  the 
code  of  the  destination  radio.  For  space  homogeneous  preamble  codes,  addressing 
information  immediately  follows  the  synchronization  preamble.  The  channel  access 
protocol  does  allow  a  radio  to  begin  transmitting  while  it  is  still  attempting  to 
acquire  the  preamble  of  a  received  packet. 
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The  codes  used  are  statistically  random  sequences,  and  the  sequence  is  not 
repeated  during  the  transmission  of  a  packet.  This  is  an  accurate  representation  of  a 
system  in  which  spreading  is  used  primarily  for  security.  It  is  also  an  approximation 
of  a  system  which  uses  more  structured  codes,  e.g..  Gold  sequences  or  Kasami 
sequences.  The  approximation  is  valid  for  a  system  with  the  following  structure. 
Bit-by-bit  code  changing  is  used  for  both  the  preamble  and  the  data  portion  of 
the  packets  (symbol-by-symbol  for  channels  with  FEC  coding).  The  code  period 
is  at  least  one  bit.  The  number  of  av'ailable  codes  is  much  larger  than  the  average 
n\imber  of  bits  (symbols)  per  packet,  so  it  is  very  unlikely  that  the  code  sequence 
will  have  to  be  repeated  during  the  transmission  of  a  single  packet. 

When  considering  the  reception  of  a  given  packet,  the  probability  that  an  in¬ 
terfering  signal  is  using  the  same  code  as  the  desired  signal  depends  upon  the  code 
assignment  policy  for  the  data  portion.  However,  with  bit-by-bit  code  changing, 
even  in  the  worst  case  of  space  homogeneous  code  assignment,  in  which  all  radios 
transmit  using  the  same  sequence  of  codes,  a  packet  will  suffer  interference  on  the 
same  code  only  if  another  packet  transmission  is  started  within  a  time  interval  of 
plus  or  minus  one  bit.  If  the  mean  packet  length  is  500  bits  or  more  and  the  traffic 
level  is  not  extremely  high,  this  event  is  very  imlikely.  Thus,  the  code  assignment 
for  the  data  portion  can  be  considered  to  be  either  transmitter  directed,  receiver 
directed,  or  space  homogeneous,  since  there  will  be  only  a  small  difference  in  per¬ 
formance. 


2.2  Modeling  Assumptions 


In  order  to  derive  a  model  which  leads  to  a  tractable  solution,  a  number  of 
assumptions  and  approximations  are  necessary.  These  are  described  below,  with  a 
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discussion  of  the  motivation  for  and  validity  of  some  of  the  modeling  choices.  The 
simplest  model  presented  in  Chapter  4  is  an  infinite  population  model,  in  which 
the  aggregate  traffic  is  considered.  A  more  exact  finite  population  model  is  also 
presented,  in  which  the  network  is  made  up  of  M  identical  users.  Most  of  the 
aissumptions  apply  to  both  infinite  and  finite  population  networks. 

The  overhead  needed  for  FEC  decoder  synchronization  is  considered  to  be  neg¬ 
ligible,  as  is  the  overhead  for  CRC  or  parity  bits  used  for  error  detection.  The  effect 
of  acknowledgments  is  ignored;  it  is  assumed  that  a  perfect  and  instantaneous  ac¬ 
knowledgement  channel  is  available.  In  the  case  of  space  homogeneous  preamble 
codes,  the  required  addressing  information  immediately  follows  the  preamble,  and 
is  instantaneous  and  error  free.  Consequently,  at  the  beginning  of  the  data  portion, 
only  the  intended  destination  will  continue  to  receive  the  packet,  and  no  packets 
are  lost  due  to  addressing  errors.  Chip,  symbol,  and  carrier  tracking  is  perfect, 
and  error  detection  does  not  occur  until  the  end  of  a  packet.  As  a  result,  if  the 
destination  acquires  a  packet,  the  receiver  remains  locked  onto  the  packet  until  the 
end  of  transmission,  regardless  of  whether  or  not  bit  errors  occur. 

To  reduce  the  number  of  variables  that  must  be  considered,  it  is  assumed  that 
all  users  are  identical.  Therefore,  all  source-destination  pairs  have  equal  traffic  re¬ 
quirements,  equal  scheduling  process  rates  and  identical  packet  length  distributions. 
Also,  every  radio  receives  equal  power  signals  from  every'  other  radio.  In  general, 
zero  propagation  delay  is  assumed,  so  the  network  state  as  seen  by  every  radio  is 
identical.  The  one  exception  is  the  approximate  treatment  of  propagation  delay  in 
the  channel  load  sense  model. 

The  analysis  yields  the  upper  limit  on  throughput  that  is  asymptotically  ap¬ 
proached  as  the  delay  goes  to  infinity.  A  system  with  infinite  delay  can  be  modeled 
in  the  following  manner.  The  output  packet  buffer  has  infinite  capacity,  and  is  full. 
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Packets  to  be  transmitted  are  selected  randomly  from  this  buffer.  Thus,  the  lengths 
of  successive  packets  transmitted  by  a  PRU  are  independent,  and  there  is  a  packet 
a^-ailable  for  transmission  at  every  scheduling  point.  Also,  packets  are  never  lost  at 
the  generating  PRU  due  to  buffer  overflow.  As  a  result  of  these  aissumptions,  it  is 
not  necessary  to  distinguish  between  radios  that  are  backlogged  and  those  that  are 
not. 


A  Markovian  model  requires  that  the  transmitted  packet  lengths  be  drawn  inde¬ 
pendently  from  an  exponential  distribution,  and  that  transmission  times  be  drawn 
from  a  Poisson  process.  For  this  reason,  a  Poisson  process  is  chosen  for  the  schedul¬ 
ing  process.  For  the  infinite  population  model,  the  aggregate  rate  of  the  scheduling 
processes  for  all  users  is  denoted  by  A.  For  the  finite  population  models,  the  rate 
per  user  is  denoted  by  A. 

The  exponential  distribution  is  not  representative  of  packet  lengths  found  in 
actual  radio  networks.  However,  results  from  simulation  of  a  system  with  fixed 
length  packets  were  very  similar  to  the  analytical  results  derived  here.  Thus,  even 
though  the  exact  performance  will  depend  upon  the  packet  length  distribution, 
the  relative  performance  as  a  function  of  the  various  channel  level  and  network 
level  parameters  is  not  strongly  dependent  upon  this  distribution.  Because  the 
Markovian  model  allows  many  other  details  of  the  network  to  be  accounted  for. 
the  approximation  of  an  exponential  distribution  is  used.  The  average  length  of  a 
transmitted  packet  is  l//z.  The  normalized  rate  of  the  scheduling  process  is  referred 
to  as  the  traffic  rate,  denoted  by  G  =  A//i  or  by  g  =  A//i. 

The  exponential  distribution  is  the  distribution  of  the  lengths  of  transmitted 
packets,  which  includes  both  new  packets  and  retransmissions.  But,  it  is  more 
likely  that  there  is  a  transmission  error  in  a  long  packet  than  in  a  short  one.  so 
the  probability  of  success  for  a  short  packet  is  greater  than  that  for  a  long  packet. 


22 


Therefore,  the  distribution  of  lengths  of  successful  packets,  which  are  the  packets 
supplied  by  the  terminals,  is  skewed  from  this  exponential.  Also,  the  length  of  the 
packet  includes  both  the  data  portion  and  the  preamble  portion.  Yet,  the  preamble 
is  of  fixed  length,  which  leads  to  the  anomaly  that  for  some  packets  drawn  from  the 
exponential  distribution,  the  total  length  may  be  shorter  than  the  preamble,  which 
could  not  occur  in  a  real  system.  Nevertheless,  if  the  preamble  is  much  less  than 
l//i,  almost  all  of  the  packets  will  be  longer  than  the  preamble,  so  the  inaccuracy 
of  the  model  will  have  a  negligible  effect  on  the  results.  This  has  been  verified  by  a 
simulation  model,  which  specifically  accoimts  for  the  fixed  length  preamble. 

2.3  Summary 

In  the  first  section  of  this  chapter,  the  system  being  studied  wets  described  in 
detail.  Several  restrictions  were  introduced,  such  as  uniformity  among  all  radios, 
which  will  simplify  the  task  of  analysis.  The  second  section  discussed  the  approxi¬ 
mations  that  were  needed  to  lead  to  an  analytically  tractable  solution.  The  resulting 
model  will  be  analyzed  in  Chapter  4,  leading  to  the  throughput  and  probability  of 
success. 
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Chapter  3 


Spread  Spectrum  Radio  Channel 


In  the  literature,  the  bit  error  rate  (BER)  for  a  code  division  multiple  access 
(CDMA)  channel  has  beer  derived  for  a  variety  of  modulation  formats.  This  chap¬ 
ter  consists  of  a  revie\  of  one  model  of  an  SSMA  radio  channel,  and  also  a  summary 
of  several  knon  n  results.  The  mathematical  model  i^sed  was  described  by  Pursier 
in  [38].  Vv'hen  random  coding  is  used,  as  is  assumed  in  the  model  of  the  spread 
spect*-um  multiple  access  (SSMA)  channel,  a  simple  approximation  to  the  mean 
probability  of  bit  error,  or  bit  error  rate  (BER),  can  be  found.  The  resulting  ap¬ 
proximate  BER’s  for  several  types  of  modulation  are  listed.  Results  are  given  for 
both  synchronous  systems,  in  which  all  of  the  received  signals  are  chip  aligned,  and 
for  the  more  applicable  case  of  an  asynchronous  system,  in  which  the  chip  ofFests 
are  random.  A  bound  on  the  BER  for  an  asynchronous  BPSK  system,  which  was 
described  by  Taipale  in  [50],  is  also  presented. 


3.1  SSMA  System  Considerations 

The  three  basic  spread  spectrum  techniques  are  time  hopping  (TH),  frequency 
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hopping  (FH)  and  direct  sequence  (DS).  In  this  dissertation,  only  direct  sequence 
spreading  is  considered.  The  spreading  in  a  direct  sequence  system  stems  from  the 
relationship  that  bandwidth  is  proportional  to  signalling  rate.  The  data  sequence 
is  multiplied  by  a  high  rate  sequence  (the  code  sequence),  resulting  in  a  chip  se¬ 
quence.  The  bandwidth  of  the  transmitted  signal  is  proportional  to  the  rate  of  the 
chip  sequence.  The  ratio  of  the  chip  rate  to  the  data  rate,  denoted  by  W,  is  also 
the  amount  by  which  the  signal  bandwidth  expands.  The  receiver  multiplies  the  in¬ 
coming  signal  by  a  local  version  of  the  code  sequence.  If  the  local  replica  is  aligned 
with  the  code  used  for  transmission,  the  receiver  can  reproduce  the  narrowband 
data  sequence,  which  can  then  be  demodulated. 

In  an  SSMA  system,  the  received  signal  consists  of  the  desired  signal,  interfering 
signals  due  to  other  transmissions,  and  noise.  It  will  be  shown  in  the  next  chapter 
that  the  time  between  network  transitions  is  on  the  order  of  or  greater  than  30  bits. 
Thus,  the  number  of  radios  transmitting,  -Y(t).  changes  slowly  compared  to  Ti„f. 
the  duration  of  a  bit.  Accordingly,  with  high  probability  the  interference  A' 
is  constant  over  Tj,<,  and  with  very  high  probability  changes  by  no  more  than  1. 
Therefore,  it  will  be  assiimed  that  this  interference  is  constant  during  a  single  bit. 
With  this  approximation,  the  channel  can  be  characterized  by  a  sequence  of  states 
Xj,  corresponding  to  X{t)  at  each  bit  j  of  a  packet.  Furthermore,  the  probability  of 
error  for  a  given  constant  number  of  transmissions  X  is  a  sufficient  characterization 
of  the  channel. 

The  channel  model  reviewed  in  §3.2  yields  approximations  to  or  upper  bounds 
on  Pe  bttiX),  the  mean  probability  of  bit  error  for  a  bit  which  is  received  in  the 
presence  of  AT  —  1  interfering  transmissions  and  Gaussian  noise.  The  model  does 
not  account  for  fading,  multipath,  or  jamming.  The  receiver  is  assumed  to  be 
perfectly  synchronized  with  the  transmitted  signal,  which  includes  chip  and  bit 
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timing.  For  the  synchronous  systems,  it  is  assumed  that  the  propagation  delay 
is  negligible  compared  to  the  duration  of  a  chip,  so  that  chip  alignment  can  be 
maintained  ajnong  all  the  transmitters.  For  coherent  modulation  formats,  it  is 
additionally  assumed  that  the  carrier  phase  offset  of  the  desired  signal  is  zero.  The 
received  signal  power  is  identical  for  all  transmitter-receiver  pairs,  and  the  thermal 
noise  level  is  identical  for  all  users,  so  all  receptions  have  the  same  Eb/No,  where 
Eb/No  is  the  ratio  of  received  bit  energy  to  thermal  noise  density. 

As  discussed  in  §2.1,  the  probability  that  two  transmissions  begin  within  the  du¬ 
ration  of  one  bit  is  negligible.  Therefore,  it  can  safely  be  assumed  that  all  interfering 
transmissions  are  using  different  codes,  so  the  interference  is  due  to  cross-correlation  * 
between  codes,  not  to  the  auto-correlation  of  a  given  code.  In  order  to  avoid  calcu¬ 
lations  of  the  cross-correlation  properties  of  the  specific  spreading  codes  used,  the 
pseudo-noise  (PN)  codes  are  modeled  as  sequences  of  jointly  independent  Bernoulli 
(1/2)  random  variables.  A  well  chosen  set  of  codes  can  have  lower  cross-correlations 
and  consequently  lower  P^^bui^)  than  the  random  codes  used  in  the  model. 

In  an  SSMA  system,  even  if  FEC  coding  is  not  used,  the  bit  errors  are  correlated. 
Because  the  correlation  is  positive,  the  probability  that  a  bit  is  not  in  error  given 
that  all  previous  bits  were  not  in  error  is  greater  than  1  —  Pe,6i(-  For  a  packet  of 
length  C  bits,  the  probability  of  no  errors,  which  is  the  probability  of  successful 
reception,  is  bounded  by 

C 

(3.1) 

j=i 

where  PeMti^j)  is  the  unconditional  probability  of  an  error  at  the  jth  bit.  which 
is  a  function  only  of  Xj.  If  this  bound  is  used,  the  channel  can  be  characterized 
by  the  function  Pc^buiX).  This  function  is  the  BER  of  the  multiple  access  channel, 
and  has  been  analyzed  extensively. 
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3.2  DS-SSMA  Radio  Channel  Model 


The  model  of  the  DS-SSMA  radio  channel  is  one  that  wets  described  by  Pursley 
in  [38].  The  received  signal  r(t)  is  modeled  as  the  sum  of  X{t)  signals  and  thermal 
noise.  The  signals  are  indexed  by  k,  with  k  =  1  denoting  the  desired  signal  and 
the  other  X  —  1  signals  constituting  the  interference.  The  spreading  code  sequence 
used  by  the  Arth  radio  is  After  multiplication  by  the  data,  the  chip  sequence 

is  The  waveform  is  denoted  by  ak{t),  where 

ajfc(*)  =  for  jTc  <  t  <  {j +  l)Tc,  (3.2) 

and  similarly  for  ajt(t).  The  channel  errors  are  symmetric,  meaning  that  the  prob¬ 
ability  of  error  is  the  same  if  the  transmitted  bit  is  a  1  or  a  0.  Therefore,  Pe.bu 
is  foimd  for  a  transmitted  bit  of  -fl.  The  thermal  noise  is  assumed  to  be  white 
Gaussian  noise. 

Although  it  is  assumed  that  the  propagation  delay  is  negligible  on  the  time  scale 
of  the  mean  packet  length,  the  delay  may  be  an  appreciable  fraction  of  or  greater 
than  the  duration  of  a  chip.  T^.  Also,  in  the  general  case  of  an  asynchronous  system, 
each  user  heis  a  starting  time  offset.  These  effects  are  lumped  into  a  single  parameter 
rjt,  which  is  the  total  time  offset  at  the  receiver  for  signal  k.  Moreover,  each  signal 
has  an  initial  carrier  pheise  offset,  and  an  additional  offset  due  to  propagation  delay. 
These  are  accounted  for  by  the  parameter  4>ki  which  is  a  random  variable,  uniformly 
distributed  between  0  and  27r.  The  received  signal  can  be  expressed  as 

X 

r{t)  =  n(t)  -f-  ^  \/2Sajt(t  -  Tit)cos(u.vt  -t-  (t>k).  (3.3) 

*r=l 

where  5  is  the  signal  power,  Uc/2n  is  the  carrier  frequency,  and  n{t)  is  the  thermal 
noise.  It  is  assumed  that  the  carrier  and  code  tracking  are  perfect,  so  the  offsets  rj 
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and  <t>\  are  both  zero.  The  received  signal  is  multiplied  by  the  carrier  \/2cos{uJci) 
and  by  the  spreading  code  ajt(t),  and  integrated  over  one  bit,  yielding 


Z 


r(<)ai  {t)\/2  cos{u!ct)dt. 


(3.4) 


In  the  more  general  case  of  an  asynchronous  system,  the  interference  can  be 
expressed  in  terms  of  the  aperiodic  partial  cross-correlation  between  the  respective 
codes.  The  time  offset  Tjt  can  be  written  as  the  sum  of  the  integer  and  fractional 
parts, 

'rk  =  Jk  +  h\  0  <  <5jt  <  1.  (3.5) 

The  fractional  part  6k  is  uniformly  distributed  between  0  and  1.  As  shown  in 
Fig.  3.1,  the  cross-correlation  between  ai(^)  and  akit  —  r*)  is  equal  to 


1  A'  _  _  ^ 

~  "v  +  ^kd{k,j'-l)(^{l,j)>  3  -  j'  =  Jk-  (3.6) 

7  =  1 


Neglecting  the  double  frequency  term,  Z  is  equal  to 


A' 


Z  =  Tbtty/S  1 -H  +^' 


k=2 


=  Tb,t^{l  +  I)  +  A^, 


(3.7 


where  the  thermal  noise  is  a  zero-mean  Gaussian  r.v.  with  variance  Ti,(.Vo/2. 
and  /  is  the  normalized  interference  term. 


With  random  coding,  the  variable  Ak  is  the  weighted  sum  of  two  independent 
binomial  random  variables,  Ak  =  (1  —  6k) A^  +  6k Al,  where  A°  and  A[  are  each 
the  sum  of  N  independent  Bernoulli  random  variables.  The  Bernoulli  r.v.'s  take 
values  of  1/A"  and  —1/A",  each  with  probability  1/2.  Therefore,  the  means  of  .4^ 
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Fig.  3.1  Cross-correlation  with  interfering  signal. 
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and  are  both  zero,  and  the  variances,  1/A’'.  This  model  of  the  SSMA  radio 
channel  is  used  in  the  next  two  sections  to  find  approximations  to  and  a  bound  on 
the  probability  of  bit  error. 


3.3  Approximations  to  the  Probability  of  Bit  Error 


In  this  section,  an  approximation  to  the  probability  of  bit  error  is  derived  for 
the  asynchronous  BPSK  SSMA  radio  channel.  The  approximation  is  valid  for  large 
spreading  factors  N  and  for  many  simultaneous  transmission  X.  For  even  moderate 
values  of  A",  and  A],  can  be  closely  approximated  as  zero  mean  Gaussian  r.v.’s, 
with  variance  1/A.  With  this  approximation,  for  ^  1,  the  sum  Ak  of  Eqn.  3.6 
is  approximately  Gaussian,  with  zero  mean  and  variance  (1  —  26k  +  26fc)/A^  Fur¬ 
thermore,  the  total  normalized  interference  I  is  also  a  zero  mean  Gaussian  random 
variable,  with  variance 


A' 


k=2 


X 


=  E 


(1  -  24  +  261) 

A 


cos^(djt). 


(3.8) 


Thus,  assuming  that  the  terms  Ak  are  Gaussian,  I  is  the  sum  of  many  Gaussian 
rzindom  variables,  each  of  which  has  a  variance  cr^  that  depends  upon  the  offsets 
6k  and  <f>k.  The  probability  of  error  given  X  is  found  by  averaging  Pe  b,t  over 
all  offsets.  However,  this  averaging  requires  a  great  deal  of  computation.  As  X 
becomes  large,  the  variance  of  /  will  approach  A'  —  1  times  E{al).  the  expected 
value  of  erf  averaged  over  6k  and  <t>k-  Therefore,  an  approximation  to  Pe,bit  valid  for 
large  X  is  found  by  treating  J  as  a  Gaussian  random  variable  with  a  variance  of 
(A  —  l)£l(a|).  The  average  over  all  values  of  6k  of  is  (2/3.V)  cos~ ((pk).  so  E{crl)  = 
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1/3N.  This  approximation  is  valid  only  for  large  values  of  X.  However,  for  small 
X,  the  probability  of  error  is  very  small,  so  the  inaccuracy  of  the  approximation  in 
this  region  has  little  effect  on  the  overall  performance. 

With  these  approximations,  Z  is  the  sum  of  the  desired  signal  plus  two  Gaussian 
r.v.’s, 

Z  =  +  (3.9) 

where  I  is  zero-mean,  with  variance  {X  —  1)/ZN.  Because  7  -H  is  also  Gaussian, 
the  probability  of  error  can  be  found  from  standard  communications  theory. 


PeMiiX)  =  QiSNRe). 

where  Q{^)  is  the  complement  of  the  c.d.f.  of  a  normal  distribution. 


SXRf  is  the  effective  signal  to  noise  ratio. 


(3.10) 


(3.11) 


1  ^  prjirri) 

SNR,  V  2Eb  3N 


(3.12) 


and  Eb  =  STbn- 

A  similar  analysis  leads  to  the  probability  of  bit  error  for  various  other  modu¬ 
lation  formats.  The  systems  are  classified  as  either  synchronous,  in  which  the  chip 
offsets  Sk  are  all  zero,  and  asynchronous,  in  which  the  Sk  are  vmiformly  distributed 
in  [0, 1].  For  most  packet  radio  networks,  the  propagation  delay  will  be  large,  so 
synchronous  operation  will  not  be  feasible.  Nevertheless,  for  comparison  purposes, 
results  are  given  for  synchronous  channels  as  well  as  for  the  more  applicable  asyn¬ 
chronous  channels.  The  systems  are  also  classified  as  coherent,  in  which  the  carrier 
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is  tracked  so  the  phase  offset  <i)\  =  0,  and  non-coherent,  in  which  the  pheise  offset 
is  non-zero,  and  may  vary  over  time.  Results  for  the  coherent  systems  are  summa¬ 
rized  by  Geraniotis  in  [20].  has  the  form  given  by  Eqn.  3.10.  The  effective 

signal  to  noise  ratios  are  listed  below. 

Asynchronous  BPSK: 


1  AX-\) 

SNR,  V  ‘^Eh  3A' 


(3.13) 


Asynchronous  QPSK: 

1  jNo  2{X-l) 
SNR,  V  2^4  SAT 

Synchronous  BPSK: 

1  /A^o  ,  (A^-l) 
SNR,  V  2£fc  2A' 


(3.14) 


(3.15) 


Synchronous  QPSK: 


1  ^  /A^o  (A'-l) 

SNR,  V  2£4  N 


(3.16) 


Geraniotis  has  also  foimd  the  probability  of  error  for  several  non-coherent  sys¬ 
tems  [GERAbj.  The  two  formats  considered  here  are  differential  phase  shift  keying 
(DPSK)  and  binary  frequency  shift  keying  (Fv'^K),  for  which  P,  i,tt{X)  has  the  form 

P,,6w(A^)  =  l/2e-“.  (3.17) 


The  term  a  is  found  from 
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Asynchronoiis  DPSK: 


1_ 

a 


-2 


(No  (.Y-l)\ 
ZN  ) 


Asynchronous  FSK: 


a 


-4 


No  {X-l)\ 
2Ek  6N  ) 


Synchronous  DPSK: 

a  ■  V2£i  2N  ) 


Synchronous  FSK: 


a  \2Ei,  AN  ) 


(3.18) 


(3.19) 


(3.20) 


(3.21) 


3.4  Bound  on  the  Probability  of  Bit  Error 

As  stated  previously,  even  when  conditioned  on  Xj,  the  channel  errors  are  cor¬ 
related  through  the  dependence  on  and  Sk-  Furthermore,  the  derivations  are 
approximate,  relying  on  the  average  values  of  these  offsets.  An  upper  bound  on 
Pe^btt  can  be  derived  by  considering  the  worst  case  for  the  offsets.  Pursley  has 
shown  that  the  worst  case  offsets  are  =  0  and  =  0  [42].  The  model  resulting 
from  this  worst  case  was  described  by  Taipale  in  [50].  The  modulation  format  is 
coherent  BPSK.  Although  the  model  is  actually  a  synchronous  channel,  it  leads  to 
a  bound  on  the  performance  of  the  asynchronous  channel. 
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For  a  system  with  bit-by-bit  code  changing,  with  this  worst  case  assumption, 
the  codes  xised  for  the  interfering  transmissions  change  exactly  at  the  bit  boundaries 
of  the  desired  signal.  Therefore,  the  effect  of  the  interference,  and  consequently  the 
probability  of  error,  is  independent  from  bit  to  bit.  Because  of  this  independence, 
the  probability  of  bit  error  for  an  individual  bit  is  only  a  function  of  X,  and  this 
fimction  Pe,6,<(X)  is  a  sufficient  characterization  of  the  channel.  The  conditional 
independence  of  errors  is  necessary  in  the  derivation  of  the  model  of  the  Viterbi 
decoder  in  Chapter  5. 

With  the  offsets  equal  to  zero,  the  terms  Ak  are  binomial  random  variables, 
equal  to  the  sum  of  N  Bernoulli  r.v.’s  which  are  1/N  and  —1/A'  with  probabilities 
1/2  and  1/2.  Furthermore,  the  normalized  interference  I  is  the  sum  of  X  —  1  such 
Ale,  so  is  itself  a  shifted  binomial  distribution,  with  a  zero  mean,  a  maximum  of 
(X  —  1),  and  a  variance  of  (X  —  1)/A’'.  From  Eqn.  3.7,  conditioned  on  /,  the  output 
of  the  receiver  is  a  Gaussian  r.v.,  mean  Ti,u\/S{l  +  I)  and  variance  T{„iA'o/2.  The 
average  probability  of  bit  error  can  be  found  by  averaging  over  all  values  of  I.  so 


«=0 


^X(X  -  1)\ 


p(0. 


(3.22) 


where 

p(.)  =  Q  [^2E,IN„  ^1  +  ■  (3.23) 

An  inequality  is  used  because  the  expression  found  is  a  bound  on  the  probability  of 
bit  error  for  an  asynchronous  system. 

Using  a  Gaussian  approximation  for  the  binomial  distribution  of  interfering 
chips  gives 

^..ft.dX)<g(SXP.),  (3.24) 
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where 


1  I  No  ,  (^-1) 

SNR,  \2Et  N 


(3.25) 


Comparing  to  the  approximation  of  Eqn.  3.15,  this  is  seen  to  be  off  by  a  factor  of 
1/2  in  the  interference  term.  This  factor  stems  from  the  averaging  over  all  carrier 
offsets  in  the  approximation.  Coincidentally,  this  approximation  is  equal  to  the 
approximation  for  the  synchronous  QPSK  channel. 


The  approximation  of  Eqn.  3.24  is  found  to  be  accurate  to  within  1%  of  the 
results  from  Eqn.  3.22  when  N{X  —  1)  is  greater  than  512  and  Pe_fc,<(A')  >  10“^°. 
For  very  small  Pe,bit{N),  the  relative  accuracy  becomes  poor.  However,  error  rates 
this  low  have  virtually  no  impact  on  the  network  performance.  For  large  values  of 
N{X  —  1),  the  approximation  requires  significantly  less  computing  time  than  the 
exact  expression.  Therefore,  P,^bit{X)  is  calculated  using  Eqn.  3.22  when  N{X  — 
1)  <  512  and  using  Eqn.  3.24  when  ^(A'  —  1)  >  512. 


3.5  Summary 

In  this  chapter,  a  model  of  a  DS-SSMA  radio  channel  was  reviewed.  Several 
known  approximations  and  bounds  on  the  probability  of  bit  error  Pe^j,<(A’)  were 
listed.  The  approximations  that  were  summarized  in  this  chapter  will  be  used  in 
Chapter  4  to  find  the  throughput  of  an  SSMA  PR  network.  Most  of  the  network 
results  given  in  later  chapters  will  make  use  of  the  bound  derived  in  §3.4.  Because 
this  bound  leads  to  errors  which  are  conditionally  independent  given  A,  it  can  be 
used  as  the  channel  model  for  a  system  using  FEC  coding,  as  discussed  in  Chapter 
5.  In  order  to  give  a  fair  comparison  between  coded  and  uncoded  channels,  this 
bound  is  also  used  for  many  of  the  uncoded  channel  results. 
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Chapter  4 


Throughput  Analysis 


In  this  chapter,  the  network  throughput  and  the  probability  of  success  are  de¬ 
termined  for  the  SSMA  PR  network  model  described  in  Chapter  2.  The  model 
incorporates  the  detailed  radio  charmel  of  Chapter  3,  and  allows  the  throughput 
to  be  found  as  a  function  of  the  probabilities  of  bit  error,  Pg^iit{X),  which  are  in 
turn  a  function  of  the  channel  parameters.  Numerical  results  are  found  for  the  un¬ 
coded  radio  channel,  with  the  assumption  that  the  synchronization  process  is  ideal. 
These  results  show  the  throughput  as  a  function  of  the  received  signal  power  Efc/.Vo, 
the  spreading  factor  W,  the  traffic  rate  g,  and  the  network  size  M.  Also,  several 
different  modulation  formats  are  compared. 

The  network  model  specifically  accounts  for  the  varying  level  of  interference 
encountered  during  a  packet  reception.  It  takes  as  parameters  the  probabilities  of 
bit  error  for  a  given  constant  level  of  interference,  P'e,ii<(A'’).  Any  radio  channel 
can  be  incorporated,  provided  that  the  channel  can  be  modeled  as  memoryless, 
meaning  that  the  probability  of  error  at  a  given  bit  position  depends  upon  the 
network  evolution  only  through  the  current  level  of  interference  A'.  Most  radio 
channels  without  FEC  coding  are  memoryless.  Furthermore,  in  the  next  chapter. 
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an  approximate  model  of  a  channel  with  FEC  coding  is  shown  to  be  memoryless. 


In  addition  to  the  channel  errors,  the  network  model  takes  as  an  input  the 
probability  that  a  packet  is  received,  which  depends  upon  the  performance  of  the 
synchronization  circuit.  Consequently,  this  same  network  model  can  be  used  either 
with  the  idealized  model  that  the  synchronization  process  is  perfect,  or  with  the 
accurate  model  of  the  synchronization  process  which  is  developed  in  Chapter  6. 
The  general  model  of  the  SSMA  PR  network  analyzed  in  this  chapter  is  flexible, 
and  can  be  used  in  conjunction  with  a  variety  of  channel  models  and  models  of  the 
synchronization  process. 

There  are  several  levels  of  complexity  for  the  network  model.  The  simplest 
model,  presented  in  §4.1,  makes  use  of  an  infinite  population  assumption.  This 
model  shows  the  effect  of  channel  errors  on  network  throughput.  A  more  accurate 
finite  population  model  is  presented  in  §4.2.  In  an  actual  network,  there  may  be  an 
appreciable  chance  that  a  packet  will  not  be  received  because  the  destination  is  busy. 
This  effect  is  referred  to  as  receiver  a\’ailability.  The  finite  population  model  takes 
this  effect  into  account.  This  model  is  then  further  extended  in  §4.3  to  examine 
the  performance  of  a  system  which  uses  a  channel  load  sensing  protocol  to  limit  the 
number  of  transmissions.  An  approximate  model  of  a  system  with  non-negligible 
propagation  delay  is  also  developed.  Numerical  results  show  the  improvement  in 
network  throughput  due  to  channel  load  sensing. 


4.1  Infinite  Population  Model 

The  performance  of  a  very  large  network  can  be  approximated  by  assuming  that 
the  network  consists  of  an  infinite  number  of  radios.  For  such  a  model,  the  aggregate 
traffic  on  the  channel  can  be  modeled  ais  generated  by  a  Poisson  process  with  rate 
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A.  As  described  in  §2.2,  the  packets  are  assumed  to  be  exponentially  distributed 
with  mean  1//^.  The  traffic  rate  is  G  =  A/fi.  With  these  assumptions,  the  network 
can  be  modeled  by  a  continuous  time  Markov  chain.  The  network  state  Z{t)  is 
simply  the  mamber  of  radios  transmitting  at  time  t,  denoted  by  X{t).  The  state 
space  of  Z{t)  is  =  {0, 1,2, This  primary  Markov  chain  is  irreducible  and 
homogeneous,  so  a  strictly  positive  stationary  distribution  {7ro(A’),  A"  €  can  be 
found.  This  system  is  equivalent  to  a  queue  with  an  infinite  number  of  servers,  and 
the  state  transition  rates  are  same  as  those  of  the  M fMjoo  queue  [KLEI75].  shown 
in  Fig.  4.1.  The  transition  rate  matrix,  denoted  by  Q,  is  a  simple  band  matrix.  The 
steady  state  probability  distribution  is 

^o(A)  =  A  =  0,1, 2,...  (4.1) 


4.1.1  Network  Throughput 


For  the  infinite  population  model,  the  network  throughput  S  is  defined  as 


5=  lim  —(Total  length  of  packets  successfully  transmitted  in  interval  T).  (4.2) 
T— *oo  1 


A  common  technique  used  for  evaluating  throughput  is  to  find  the  probability 
of  success  for  a  packet  and  multiply  this  by  the  average  length  of  successful  packets. 
For  systems  with  fixed  length  packets,  and  also  for  perfect  capture  systems,  the 
average  length  of  successful  packets  is  equal  to  the  average  length  of  transmitted 
packets.  However,  in  the  system  being  considered,  the  probability  of  success  depends 
on  the  packet  length,  so  the  average  length  of  successful  packets  is  not  equal  tol/fi. 
Therefore,  a  more  involved  derivation  of  throughput  is  required.  The  method  used 
Wcis  first  found  by  Brazio  in  [5]. 
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2m 
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Fig.  4.1  State- transition- rate  diagram  for  the  infinite  population  model. 


39 


Ta,  the  contribution  to  throughputuDf  a  single  packet,  is  defined  to  be  the  length 
of  the  packet  if  it  is  successful,  and  zero  if  unsuccessful.  7a{X)  denotes  the  expected 
contribution  to  throughput  of  a  packet  given  that  the  network  is  in  state  X  just 
prior  to  the  start  of  transmission.  This  expectation  is  over  all  futiire  evolutions 
of  the  network,  which  takes  into  account  all  combinations  of  bit  error  rates  that 
might  be  encountered  by  a  packet  starting  in  X.  It  should  be  emphasized  that  the 
evaluation  of  Ta{X)  does  not  assume  that  the  network  state  is  X  throughout  the 
entire  packet.  The  probability  of  success  of  a  packet  of  length  r  given  the  same 
conditions  is  denoted  by  P5(jt’,r  ^he  average  over  all  lengths  r  by  Psix- 

The  synchronization  process  is  assumed  to  be  perfect,  so  the  probability  of 
success  is  given  by 

■Ps  =  51  ^'^oi^)Ps\X^  (4.3) 

X^O 

and  the  throughput  is  given  by 

5  =  f;  A7ro(A')r,(A’).  (4.4) 

A'=0 

4. 1.1.1  Auxiliary  Markov  Chain 

The  expected  contribution  to  throughput,  7s{X),  is  found  by  considering  the 
states  of  the  network  during  the  reception  of  a  specific  packet,  referred  to  as  the 
tagged  packet.  The  evolution  of  the  network  during  the  reception  of  the  tagged 
packet  can  be  represented  by  a  Markov  chain,  which  is  called  the  auxiliary  Markov 
chain,  Zaux(0-  The  state  space  of  Zaux(#)i  denoted  by  fiaux.  consists  of  all  of  the 
states  of  the  primary  Markov  chain  that  could  be  visited  by  the  tagged  packet,  and 
two  absorbing  states.  Success  and  Failure.  The  subset  of  fiaux  made  up  of  non¬ 
absorbing  states  is  denoted  by  ^aux-  uncoded  channel,  the  state  Failure 
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is  entered  when  a  channel  error  occurs.  For  the  channel  with  FEC  coding,  the  state 
Failure  is  entered  when  a  decoder  error  occurs.  If  the  packet  is  completed  without 
entering  the  state  Failure,  the  transmission  is  successful,  so  the  state  9-j.ccess  is 
entered. 

As  discussed  in  Chapter  3,  for  a  system  that  does  not  use  FEC  coding,  the 
probability  of  success  is  lower  bounded  by  considering  the  channel  errors  to  be 
conditionally  independent  from  bit  to  bit,  given  the  number  of  transmitters  Xj. 
The  bit  error  process  can  be  modeled  ?is  a  time- varying  Bernoulli  process,  in  which 
the  probability  of  bit  error  at  bit  j  depends  upon  Xj.  The  occurrence  of  decoder 
errors  from  the  decoder  model  derived  in  Chapter  5  is  also  shown  to  be  a  time- 
varying  Bernoulli  process,  where  the  probability  of  decoder  error  is  a  function  only 
of  the  current  number  of  transmissions.  For  both  cases,  the  duration  of  a  single  bit 
is  small  compared  to  the  time  between  network  transitions,  so  at  the  network  level 
the  occurrence  of  errors  can  be  closely  approximated  as  a  continuous  process.  This 
continuous  time  approximation  is  a  time-varying  Poisson  process,  at  a  rate  e(A'(f )) 
which  is  a  function  of  the  number  of  transmissions  X{t).  The  rates  of  the  Poisson 
process,  €(A’).  are  found  by  setting  the  probability  of  no  arrivals  in  an  inter\-al  of 
length  Tfcit  equal  to  1  —  Pe,6i<(-Y).  In  the  next  chapter,  it  will  be  shown  that  for 
the  coded  channel,  1  -  Pe  j.tfA'’)  is  replaced  by  Pc{Pe,iymbol{X)),  the  probability  of 
a  correct  decoder  decision  given  a  probability  of  symbol  error  Pg, symbol i^)-  In  the 
case  of  the  uncoded  channel. 


-  In  (l- Pe.fr, ,(A^)) 

Tb,t 


(4.5) 
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Normalizing  to  the  mean  packet  length, 

€(X)  -ln(l  -  P,.fc„(X)) 

-1 — i  = - i - - - i.  (4.6) 

The  quantity  1/ ^Thit  is  equaJ  to  the  mean  packet  length  divided  by  the  duration  of 
a  bit,  which  is  the  average  number  of  bits  per  packet.  Thus, 

^  =  -ln(l-Pe.U-Y))t-  (4.7) 

where  h  is  the  average  number  of  bits  per  packet. 

Because  the  process  is  Poisson,  the  time  until  the  occurrence  of  an  error  is 
exponentially  distributed.  Thus,  the  occurrence  of  channel  errors,  or  decoder  errors 
in  the  case  of  FEC  coding,  can  be  modeled  as  transitions  to  the  state  Failure 
from  each  state  X  at  rate  €(-V).  Also,  the  time  to  completion  of  a  given  packer 
is  exponentially  distributed  with  rate  /x.  independent  of  the  network  state.  This 
is  modeled  as  transitions  from  every  non-absorbing  state  to  the  absorbing  state 
Success  at  rate  p. 

As  stated  so  far,  the  auxiliary  Markov  chain  consists  of  an  infinite  number  of 
states.  However,  for  any  realistic  channel,  as  the  number  of  transmissions  increases, 
the  probability  of  error  increases  to  the  limiting  value  of  0.5.  In  addition,  if  the 
probability  of  error  is  0.5  for  even  10  bits,  the  probability  that  the  packet  is  successful 
will  be  less  than  0.1%.  Therefore,  a  cutoff  L  can  be  found  such  that  if  A'  >  L.  then 
the  probability  that  the  packet  is  successful  is  negligible.  With  the  cutoff  £,  the 
state  space  flaux  consists  of  fl^ux  =  {-^'17  S  X  <  L]  and  the  states  Success  and 
Failure,  as  shown  in  Fig.  4.2. 

Indexing  Success  as  state  X  -f  1  and  Failure  as  X  -f  2.  the  transition  rate  matrix 
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Qaux  is 

Qaux  t‘1.^  ^ 

0  0  1) 

0  0  0 

where  Qaux  i®  L  xL  sub-matrix  corresponding  to  transitions  between  the  states 
{1,2, ...,  £},  is  the  Lxl  vector  corresponding  to  transitions  to  the  state  Failure. 

is  the  Lxl  vector  of  ones,  and  0  is  the  1  x  L  vector  of  zeros.  The  elements 
of  Qaux  C3.n  be  derived  from  the  transition  rate  matrix  Q  of  the  original  Markov 
chain  and  the  values  of  f(-V),  as 


[Qaux](t,j) 


'(i  -  1)// 

■  -{in  -t-  A  -I-  e{i)) 

A 


j  =  t  -  1; 

j  = 

j  =  i  +  l 


1  <  i  <  L  and 

1<J<L 


(4.9) 


4. 1.1. 2  Calculation  of  ^^(A')  and  Ps^x 

T,(A’)  and  P51X  can  be  found  from  the  transition  rate  matrix  of  the  auxiliary 
Markov  chain  Qaux-  First.  T,{X)  and  F5|_v  are  found  from  P^i.v.r  removing  the 
condition  on  the  packet  length, 

TsiX)  =  TP5|x>/(T)dr; 

fOO 

^S\X  =  Ps|A',r/(^)c(r,  (4.10) 

where  /(r)  is  the  p.d.f.  of  the  packet  lengths,  /(r)  =  /re"''’'. 

The  product  f{T)Ps\x,T  is  equal  to  the  rate  at  which  Zaux(0  enters  the  state 
Success  at  time  r  given  that  ZauxlO"*")  =  A'  +  1.  Conditioning  on  the  state  at  time 
T~  gives 

/(^)PsiA-,r  =  ^  Pr(^aux(T")  =  A''|Zaux(0'^)  =  A -f  1).  (4.11) 

A''en^„v 
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since  there  is  a  transition  from  every  non-absorbing  state  to  the  state  Success  at  a 
rate  independent  of  r. 

[A](j ,)  will  be  used  to  denote  the  j,  ith  element  of  a  matrix  A,  and  to  denote 
the  jth  element  of  a  vector  j;.  For  a  homogeneous  Markov  chain  with  transition 
rate  matrix  Q,  the  probability  of  being  in  state  i  at  time  r  given  starting  state  j  at 
time  0  is  where 

=  /  +  Qr  +  QVV2!  +  Q^rV3!  +  ...  (4.12) 

If  index  j  corresponds  to  the  state  +  1,  Eqn.  4.11  becomes 

L 

n-)PsiX.r  =  (4.13) 

»=1 

This  is  simplified  by  noting  that  only  the  L  x  L  upper  left  comer  of  e*^aux’'  is 
needed,  which  is  equal  to  e^aux’’.  Thus, 

f{r)Ps\x,r  =  (4.14) 

where  1.^  is  the  L  x  1  vector  of  ones,  so 

T,(.Y)=  rrM[eQ*aux-l^],dr 

J  0 

=  ^^[J  re^^aux’"  drl,^]^ 

—  ^[(Qaux)  ("I-IS) 


In  a  similar  fashion, 

Ps\X  =  r  dr 

J  0 

=  "A'KQaux) 


(4.1G) 
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The  expression  for  T3  was  first  derived  by  Brazio  [5]  in  a  -different  manner  by 
considering  the  forward  Kolmogorov  equations  for  the  auxiliary  Markov  chain. 


4. 1.1. 3  Narrowband  Channel 

The  throughput  of  the  uncoded,  unspread  radio  channel  with  thermal  noise 
corresponds  to  =  1  chip  per  bit,  which  will  give  L  =  1.  From  Eqn.  4.15, 

!r,(0)=  1^  dr 


_ 

(1  +  G  +  e(l)/ 


(4.17) 


which  gives 


(l  +  G  +  e(l)//.)2- 

If  the  thermal  noise  is  negligible,  c(l)//i  <<1,  so  this  simplifies  to 


5  = 


Ge-^ 

(1  +  G)2- 


(4.18) 


(4.19) 


The  capacity  C  =  0.137  occurs  at  G*  =  \/2  —  1.  This  result  was  previously  derived 
by  Ferguson  [16]  and  by  Bellini  and  Borgonovo  [2]. 


4.1.2  Numerical  Calculation 

The  t  ■'■pected  contribution  to  throughput  is  found  numerically  by  solving 

(“■Qaux/M)^.  =  {~^aux/ 2.-  (4.20) 

The  linear  equations  are  solved  using  the  SOR  routine  from  the  ITPACK  package 
[24].  The  routines  were  changed  to  double  precision  to  avoid  numerical  instability. 
Throughput  is  found  as 

L 

•S' =  G^[y],7ro(?  -  1).  (4.21) 

1=1 
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The  throughput  is  a  unimodal  function  of  the  traffic  rate  G.  This  means  that 
aji  optimum  value  G*  exists  such  that  S{G^,  the  throughput  for  a  traffic  rate  G, 
is  monotonically  increasing  for  0  <  G  <  G*  and  is  monotonically  decreasing  for 
G*  <  G  <  CO.  The  maximum  5(G*)  is  referred  to  as  the  capacity  C.  The  capacity  is 
found  by  using  Brent’s  method  for  one-dimensional  minimization  [8].  The  function 
minimized  is  — S(G),  which  results  in  the  ma.xim\im  of  5(G).  Brent’s  method 
requires  starting  points  G~  and  G'*'  such  that  G~  <  G*  <  G'*’.  These  points  are 
found  by  using  a  modification  of  the  routine  MNBRAK  from  [37].  The  routine 
was  modified  to  make  use  of  the  constraint  G’  >  0,  leading  to  a  smaller  inter\-al 
G"*"  —  G~  when  the  initial  guess  Go  >  G* .  When  finding  the  capacity  as  a  function 
of  the  various  parameters,  the  value  G*  found  in  the  last  iteration  is  used  as  the 
next  starting  point  for  MNBRAK. 

For  the  uncoded  channel,  the  probability  of  bit  error  changes  slowly  with  A',  so 
the  cutoff  L  described  in  §4. 1.1.1  is  often  greater  than  several  hundred.  However, 
the  optimum  numerical  \’alue  of  G*  is  usually  much  smaller  than  this  L.  Because 
the  probability  of  being  in  a  state  A'  >>  G*  is  very  small,  there  will  be  very  little 
error  in  choosing  a  smaller  value  of  T,  which  will  require  less  computing  time.  Thus. 
Z  is  chosen  as  the  largest  A'’  such  that  Pg  b^tiX)  <  (f.  The  parameter  (f  is  chosen  in 
the  interval  [0.01,0.5].  After  finding  the  approximate  G*,  the  probability  of  being 
in  state  Z,  ttq{L)  is  checked.  If  7ro(Z)  <  0.001,  the  approximation  is  deemed  valid, 
otherwise,  a  larger  value  of  is  chosen. 


4.1.3  Infinite  Population  Results 

Throughout  this  dissertation,  all  numerical  results  are  found  for  a  mean  packet 
length  of  1/^  =  1000  bits.  The  throughput  5  and  probability  of  success  Ps  are 
plotted  as  a  fvmction  of  the  traffic  rate  G  in  Fig.  4.3.  The  bound  on  Pc  hit  for 
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the  BPSK  channel  was  used,  with  an  E^/Nq  of  10.0  dB  and  a  spreading  factor  of 
W  =  64  chips  per  bit*. 

The  bandwidth  required  is  proportional  to  the  spreading  factor  W .  There¬ 
fore,  it  is  of  interest  to  consider  the  normalized  throughput,  S/W .  In  general,  the 
normalized  capacity  of  the  SSMA  system  is  lower  than  the  capacity  of  the  narrow- 
band  ALOHA  system.  However,  the  capacity  of  the  narrowband  system  is  achieved 
at  a  G*  which  gives  a  low  probability  of  success.  Pursley  [40]  has  introduced  a 
performance  measure  which  is  the  maximum  throughput  achie\’able  with  the  con¬ 
straint  that  Ps  exceeds  a  minimum  value.  Typically,  the  constraint  on  Ps  is  0.95 
or  0.99.  This  measure  arises  from  the  consideration  of  real  time  applications  such 
as  packetized  voice.  For  such  applications,  packets  that  incur  a  substantial  delay 
will  be  discarded.  If  it  is  assumed  that  the  sum  of  the  initial  queueing  delay  and 
the  transmission  time  is  smaller  than  the  maximum  allowable  delay,  but  that  the 
retransmission  delay  is  larger  than  this  maximum  delay,  then  packets  which  are 
successful  on  the  first  try  will  be  useful,  but  packets  which  must  be  retransmitted 
will  suffer  too  much  delay,  so  will  be  discarded.  Therefore,  the  constraint  on  Pg 
gives  one  minus  the  allowable  fraction  of  packets  which  can  be  discarded. 

The  maximum  normalized  throughput  SjW  with  constrained  Pg  is  tabulated 
in  Table  4.1  for  an  Ei,/ No  of  10.0  dB,  for  several  values  of  the  constraint  on  Pg.  for 
both  the  narrowband  channel,  and  the  SSM.4  channel  with  W  =  64.  Even  under 
this  criterion,  the  normalized  uncoded  SSMA  channel  does  not  compare  favorably  to 
the  narrowband  channel.  However,  in  the  next  chapter,  it  will  be  shown  that  with 
the  use  of  FEC  coding,  the  SSMA  channel  outperforms  the  narrowband  channel 
under  this  criterion. 

In  Fig.  4.4,  S/W  is  plotted  as  a  function  of  G/W  for  several  values  of  U'.  For  the 
*For  the  uncoded  channel,  H'  =  N. 
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Minimum  Ps 

Narrowband 

SSMA 

0.90 

0.0442 

0.0129 

0.95 

0.0223 

0.00864 

0.99 

0.00307 

0.00192 

Table  4.1.  Maximum  throughput  with  constrained  P5,  uncoded  narrowband  and 
SSMA  channels. 


infinite  population  model,  the  peak  normalized  throughput,  which  is  the  normalized 
capacity,  increases  with  higher  spreading  factors.  Although  this  is  often  the  case, 
at  low  Eb/No  the  normalized  capacity  can  decrease  with  increasing  TF. 


In  Fig.  4.5,  the  capacity  C  is  plotted  as  a  function  of  W  for  several  values  of 
Eb/No,  and  for  the  limiting  case  of  no  thermal  noise,  Eb/No  =  00.  The  capacity 
increases  almost  linearly  with  IF,  with  a  higher  slope  for  higher  £'j,/.Vo-  Fig.  4.6  is 
a  similar  plot  for  the  normalized  capacity  C/W.  Except  for  low  values  of  Eb/Xo- 
the  normalized  capacity  increases  with  increasing  tl". 


A  comparison  of  the  coherent  modulation  formats  of  §3.3  is  shown  in  Fig.  4.7  for 
a  spreading  factor  of  W  =  64.  As  expected,  the  rmking  is  the  same  as  the  ranking 
for  Pe,6iJ,  with  asynchronous  BPSK  being  the  best,  followed  by  synchronous  BPSK. 
asynchronous  QPSK,  and  synchronous  QPSK.  The  throughput  using  the  upper 
bound  on  Pe,6,<  of  Section  §3.4  is  almost  indistinguishable  from  the  throughput  for 
the  synchronous  QPSK  channel,  which  corresponds  to  a  Gaussian  approximation 
to  the  binomial  distribution  of  the  interference.  The  bound  is  much  worse  than  the 
approximate  performance,  given  by  the  highest  curve.  Nevertheless,  results  found 
using  the  bound  in  this  and  later  chapters  will  indicate  the  trends  and  sensitivities 
of  the  network  performance  to  the  parameters  under  question. 
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Fig.  4.4  Normalized  throughput  versus  normalized  traffic  rate,  infinite  population, 
uncoded  channel. 
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Chips  per  Bit  W 


Fig.  4.5  Capacity  versus  spreading  factor  and  received  power,  infinite  population, 
uncoded  channel. 


Capacity  C 


Fig.  4.7  Capacity  versus  received  power  for  several  types  of  coherent  modulation, 
infinite  population,  uncoded  channel. 
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Similar  results  are  given  for  the  non-coherent  modulation  formats  in  Fig.  4.8 
for  a  spreading  factor  of  W  =  64.  DPSK  outperforms  FSK,  and  the  eisynchronous 
channels  outperform  the  synchronous  ones.  For  an  Eb/No  less  than  about  14.5  dB, 
synchronous  DPSK  does  better  than  asynchronous  FSK,  but  the  ranking  is  reversed 
at  higher  Eb/No- 


4.2  Finite  Population  Model 

A  more  accurate  model  of  the  system  is  derived  by  considering  a  finite  number 
of  radios,  each  of  which  is  either  transmitting,  receiving,  or  idle.  Because  all  radios 
are  identical,  it  is  only  necessary  to  keep  track  of  the  number  of  radios  in  a  given 
state  rather  than  the  exact  state  of  each  individual  radio.  Radios  are  inhibited 
from  transmitting  when  they  are  receiving  a  packet,  so  the  state  of  the  network  at 
time  t,  Z{t),  must  include  the  number  of  PRU’s  receiving,  R,  as  well  as  the  number 
transmitting.  A'.  Therefore,  fl,  the  state  space  of  Z{t),  is  {{X,R)  :  0  <  A'  < 
A/.  0  <  R  <  X.  and  A'  +  i?  <  A/},  with  a  limiting  state  probability  distribution 
{7ro(A./?),(A',i?)Gf^}. 

4.2.1  Primary  Markov  Chain 

The  state-transition  rates  for  Z{t)  are  determined  in  the  following  manner.  For 
the  state  (A,  i?),  new  transmissions  occur  at  an  aggregate  rate  of  (A/  —  A"  —  R)\. 
This  can  be  written  as  MXPsi(X,R),  where  Psj{X,R)  is  the  probability  that  a 
specific  PRU  is  idle  (i.e.,  not  trar.smitting  or  receiving),  given  that  the  network 
state  was  {X,R)  just  prior  to  the  start  of  a  packet  transmission.  Because  the  radios 
are  identical,  for  any  user, 

Psi{X,R)  = - — - .  (4.22) 
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W  =  64 


Fig.  4.8  Capacity  versus  received  power  for  several  types  of  non-coherent  modu 
lation,  infinite  population,  uncoded  channel. 


Given  that  the  source  is  idle  and  that  a  packet  transmission  begins,  the  packet  will 
be  received  (possibly  in  error)  if  the  destination  is  not  transmitting  or  receiving  and 
the  destination  receiver  is  able  to  acquire  the  packet  (i.e.,  synchronize  to  the  pream¬ 
ble).  The  probability  that  the  packet  is  received  conditioned  on  the  soiirce  being 
idle  and  the  packet  being  transmitted  is  denoted  by  Pjii{X,R).  Corresponding  to 
packets  that  are  received,  there  are  transitions  to  the  state  (X  +  1,/?  +  1)  at  rate 
MXPsi{X,R)Pjij;{X,R).  Corresponding  to  packets  that  are  not  received,  there  are 
transitions  to  state  {X  +  l,i?)  at  rate  M\Psi{X,R){l  —  A‘. i?)).  Of  the  X 

packets  being  transmitted,  R  are  being  received  and  X  —  R  are  not.  Thus,  due  to 
the  completion  of  packet  transmissions,  there  is  a  transition  to  state  (X  —  1,  R  —  1 ) 
at  rate  Rfx,  and  to  state  (X  —  1,  R)  at  rate  (-Y  —  R)^.  The  state  transitions  for  the 
general  state  (X,R)  are  diagrammed  in  Fig.  4.9,  and  the  overall  state  space  Q  is 
shown  in  Fig.  4.10. 

At  the  network  level,  the  model  makes  use  of  only  the  mean  value  of  the  proba¬ 
bility  of  receiving  a  packet  averaged  over  all  possible  network  evolutions  during  the 
preamble,  not  the  exact  probability  of  receiving  a  specific  packet  with  the  particu¬ 
lar  network  evolution  encountered  by  that  packet’s  preamble.  This  model  relies  on 
the  assumption  that  the  average  probabihty  of  reception  is  sufficient  to  determine 
the  behavior  of  a  tagged  packet.  In  reality,  there  will  be  correlation  between  the 
probabilities  of  receiving  two  packets  whose  preambles  overlap  in  time.  The  model 
considers  the  average  probability  of  receiving  each  independently.  Because  the  per¬ 
formance  measure  of  interest,  the  throughput,  is  a  long  term  average,  even  though 
this  correlation  is  not  accoimted  for,  the  model  should  nevertheless  yield  a  close 
approximation  to'  the  average  throughput.  Another  implied  approximation  arises 
because  the  evolution  of  the  network  throughout  the  packet  reception  is  considered 
to  be  independent  from  the  event  of  the  packet  being  received.  In  fact,  there  is  some 
correlation  between  these  events.  However,  if  the  preamble  is  short,  the  probability 
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Fig.  4.10  State  space  for  the  finite  population  model. 
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of  success  is  determined  by  the  network  states  over  a  much  longer  interval  than  the 
time  of  the  preamble,  so  the  independence  approximation  will  be  good. 

Therefore,  even  though  the  model  may  not  exactly  correspond  to  the  network 
behavior,  the  error  in  network  throughput  resulting  from  the  approximate  model 
of  preamble  acquisition  is  expected  to  be  very  small.  As  will  be  discussed  in  detail 
in  §6.4,  the  model  has  been  validated  by  simulation,  and  the  error  was  foimd  to  be 
less  than  about  6%.  An  accurate  expression  for  PRxiX,  R)  is  derived  in  Chapter  6. 
Results  given  in  this  and  the  next  chapter  assume  perfect  synchronization.  With 
this  assumption,  the  probability  that  a  packet  is  received  is  simply  the  probability 
that  the  destination  is  not  transmitting  or  receiving  at  the  start  of  the  tagged  packet, 
which  is 

Pn.(X,R)  =  1  ^  (4.23) 

since  the  destination  is  uniformly  distributed  over  the  M  —  1  other  radios.  A'  +  R 
of  which  are  busy. 

.4n  analytical  expression  for  zq(X,R).  the  steady  state  probabilities  of  the 
Markov  chain,  analogous  to  Eqn.  4.1  has  not  been  found.  Nevertheless,  the  proba¬ 
bilities  can  be  found  by  solving  the  conservation  equations, 

TjjjQ  =  0  and  ^  7ro(A'.R)  =  l,  (4.24) 

(A'.l?)en 

where  Q  again  denotes  the  transition  rate  matrix. 


4.2.2  Auxiliary  Markov  Chain 

The  state  space  fiaux  oC  ^he  auxiliary  Markov  chain  .Z^aux(0  again  consist,'^  of 
all  the  states  that  could  be  visited  by  the  tagged  packet,  and  two  absorbing  states. 
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Success  and  Failure.  For  this  model,  no  cutoff  L  is  necessary,  as  the  state  space 
is  already  finite.  Therefore,  fiauxi  includes  all  those  states  of  fi  for  which  X  ^  0. 
The  states  {X,  R)  €  f^aux  indexed  by  a  linear  ordering,  j  =  1, 2, . . . ,  J,  and  the 
state  Success  is  indexed  as  state  J  -f  1,  and  the  state  Failure  as  state  J  +  2.  This 
leads  an  expression  identical  to  Eqn.  4.8, 


Qaux 


/  Qaux 
0  0 

\  0  0 


(4.25) 


where  Qaux  i®  J  x  J  sub-matrix  corresponding  to  transitions  between  the  states 
{1,2, ...,  J},  whose  elements  can  be  derived  from  Q  and  the  values  of  e(A'). 


4.2.3  Throughput  Calculation 

The  derivation  of  the  throughput  of  the  finite  population  model  is  similar  to 
the  presentation  of  §4.1.1.  The  throughput  is  defined  in  terms  of  the  throughput 
per  user,  5u,  which  is 

5u  =  lim  ;^(Time  in  inter\al  T  spent  by  radio  u  successfullv  transmitting  data). 

7—00  T 

(4.2G) 

Tg(X,R)  is  now  defined  as  the  expected  contribution  to  throughput  of  a  packet 
given  that  the  network  is  in  state  (A’,  i?)  jiist  prior  to  the  start  of  transmission,  the 
source  is  idle  and  begins  transmitting,  and  the  packet  is  received. 

As  mentioned  previously,  the  correlation  between  the  event  of  packet  acquisition 
and  the  expected  contribution  to  throughput  is  considered  to  be  negligible.  With 
this  approximation,  the  throughput  can  be  stated  as  the  product  of  conditional 
probabilities. 


S.  =  Z  XM.'(.R}Psi{.\'.K)Pk,(X.R)(T,{.\.R)  -  Ps\(.\.R)'^p)- 

( A" -t- 1 ,  1 )  €  n  ^  y  J, 

(4.21 
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where  Tp  is  the  length  of  the  preamble.  The  term  Ps\(X,R)'^p  introduced  to  account 
for  the  overhead  of  the  preamble.  Because  the  packet  distribution  is  exponential, 
there  is  a  chance  that  it  will  be  less  that  Tp,  so  the  assumed  overhead  will  be  greater 
than  the  entire  packet.  However,  if  the  preamble  is  less  than  5%  of  the  mean  packet 
length,  the  probability  of  this  event  will  be  very  small,  so  the  inaccuracy  will  cause 
little  error.  The  quantities  Ts{X,R)  and  Ps|(A',J?)  found  from  Equations  4.15 
and  4.16,  where  j  corresponds  to  the  state  (X  +  1,  i?  +  1).  A  rigorous  derivation  of 
the  expression  for  raw  throughput,  which  counts  the  overhead  for  the  preamble  as 
part  of  the  throughput,  is  given  in  Appendix  A. 

Because  all  users  are  identical,  the  network  throughput  is  M  times  Su-  which  is 

S=  -  X  -  R)Pr,{X,R){TAX.R)  -  Psnx.R)^p)-  (4.2S) 

{X,R) 

For  perfect  synchronization  with  Tp  =  0,  this  simplifies  to 

S=  Y.  ^^o(X,R)iM-X-R)(l-^^y^)TAX.R).'  (4.29) 

{.\.R)  ^  MU 

Even  if  both  the  channel  and  the  scheduling  of  transmissions  were  perfect,  the 
throughput  would  still  be  limited  to  A//2,  since  every  successful  packet  requires  both 
a  source  and  a  destination.  Because  the  transmissions  arc  random,  some  packets  are 
wasted  due  to  the  destination  being  busy  at  the  start  of  transmission.  As  the  rate 
of  traffic  g  increases,  the  number  of  waisted  transmissions  increases.  Consequently, 
the  capacity  is  achieve'^  at  lower  values  of  g*,  which  give  an  average  number  of 
transmissions  that  is  smaller  than  M/2.  When  the  spreading  is  large  enough  to 
give  a  small  probability  of  bit  error  even  for  the  worst  interference  that  occurs  with 
any  significant  probability  at  this  rate  of  traffic,  the  performance  will  be  very  close 
to  the  performance  with  a  perfect  channel.  Sousa  and  Silvester  [47]  have  found  an 
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analytical  limit  on  throughput  of  0.343(A//2)  for  M  approaching  infinity,  assuming 
a  perfect  channel,  perfect  synchronization,  and  a  negligible  preamble  size  (Tp  =  0). 
For  the  uncoded  channel,  the  capacity  is  lower  than  this  value.  However,  in  the 
next  chapter,  it  will  be  seen  that  for  the  coded  channel,  the  probability  of  error  can 
be  negligible  even  for  large  M,  so  the  user  capacity  of  C/M  approaches  the  limit  of 
0.172  for  large  M. 

4.2.4  Results 

The  results  given  in  this  section  are  for  a  system  with  perfect  synchronization, 
with  Tp  =  0.  Fig.  4.11  is  similar  to  Fig.  4.4  for  the  finite  population  with  M  =  20. 
except  that  the  unnormalized  rather  than  the  normalized  throughput  is  plotted. 
The  plots  are  similar  in  shape,  but  the  actual  values  are  lower  for  the  finite  pop¬ 
ulation.  For  a  spreading  factor  of  W  =  256,  the  maximum  throughput  for  the 
infinite  population  model  is  5.02,  while  for  the  finite  population  model  it  is  only 
2.70.  Because  the  receiver  ax-ailability  limits  the  throughput  that  can  be  achieved, 
the  capacity  levels  off  for  high  spreading  factors.  This  is  shown  in  Fig.  4.12.  in  which 
the  capacity  is  plotted  as  a  function  of  the  spreading  factor  for  several  values  of  M . 
for  the  bound  on  the  BPSK  channel  with  Ei,/No  =  10.0  dB.  At  small  spreading  fac¬ 
tors,  there  is  a  linear  increase  of  C  with  W,  as  was  seen  in  the  infinite  population 
model,  but  at  higher  W  the  capacity  levels  off  to  a  value  that  depends  upon  M. 
Consequently,  there  is  a  finite  value  of  W  which  maximizes  the  normalized  capacity 
C/W. 

In  Fig.  4.13,  the  network  capacity  C  and  user  capacity  C/M  are  plotted  for  even 
values  of  M  as  a  fimction  of  the  network  size  M  for  TT  =  64  and  IT  =  512.  with 
E\,l Nq  =  10.0  dB.  For  smaller  U',  the  performance  becomes  limited  by  the  channel 
at  low  values  of  M .  The  network  capacity  flattens  out  above  M  10.  so  the  user 
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Fig.  4.11  Throughput  versus  traffic  rate,  finite  population,  uncoded  channel 
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Fig.  4.13  Network  and  user  capacity  versus  network  size,  uncoded  channel 


capacity  goes  roughly  as  \jM.  With  a  greater  amount  of  spreading,  the  channel 
errors  have  a  smaller  effect,  so  the  user  capacity  decreases  slowly  with  increasing 
M. 


4.3  Channel  Load  Sensing 

Many  authors  have  shown  that  the  network  performance  of  ALOHA  systems  can 
be  improved  by  sensing  the  channel  and  blocking  transmissions  when  the  channel 
is  busy.  In  an  SSMA  network  where  multiple  users  can  transmit  simultaneously, 
similar  improvement  may  be  possible  if  the  radios  can  sense  the  number  of  radios 
transmitting  and  block  trzLnsmission  when  the  channel  is  heavily  loaded.  K  is 
used  to  denote  the  number  of  sensed  transmissions  at  which  new  transmissions  are 
blocked. 

It  is  assumed  that  each  radio  has  perfect  knowledge  of  the  number  of  radios 
currently  transmitting.  In  a  real  system,  the  radios  can  only  estimate  the  channel 
loading.  For  example,  if  the  code  aissignment  for  the  preambles  were  space  homoge¬ 
neous,  each  radio  could  count  the  preambles  detected  in  the  recent  past  to  estimate 
the  number  of  other  radios  transmitting.  Alternatively,  the  received  signal  can  be 
integrated  to  give  an  estimate  of  the  total  energy  in  the  signals  received,  which  will 
indicate  the  channel  loading.  Clearly,  these  implementations  will  perform  worse 
than  the  idealized  model.  Nevertheless,  it  is  found  that  even  with  ideal  sensing, 
except  for  small  spreading  factors,  little  improvement  is  gained  by  using  channel 
load  sensing.  Therefore,  the  results  indicate  that  the  small  improvement  in  the 
performance  of  a  SSMA  network  from  channel  load  sensing  is  not  worth  the  cost 
and  complexity  of  implementation. 

In  this  section,  the  finite  population  model  is  modified  to  incorporate  ideal 
channel  sensing.  Initially,  it  is  assumed  that  the  propagation  delay  between  radios 
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is  negligible, 'so  that  the  knowledge  of  channel  loading  is  acquired  instantaneously. 
This  assumption  is  later  relaxed  in  an  approximate  model  of  non-zero  propagation 
delay. 

4.3.1  Zero  Propagation  Delay 

With  zero  propagation  delay,  the  modification  of  the  model  is  straightforward. 
The  change  consists  of  deleting  all  transitions  corresponding  to  new  transmissions 
whenever  the  number  of  transmissions  equals  or  exceeds  K.  However,  this  simple 
change  can  lead  to  a  numerically  unstable  model,  as  discussed  below.  Therefore,  a 
reformulation  is  necessary'  in  order  to  find  numerical  results  for  a  certain  range  of 
channel  load  sense  point  K  and  traffic  rate  g. 

Because  there  will  never  be  any  more  than  M  transmissions  occurring,  a  channel 
load  sense  threshold  K  >  M  will  give  the  same  performance  as  no  channel  load 
sensing.  In  the  case  of  K  <  M  and  e{K)/fi  non-negligible,  the  state  spaces  of 
the  Markov  chains.  Q  and  ^re  truncated  at  X  —  A’,  but  otherwise  remain 

identical  to  the  finite  population  model.  For  K  <  Al/2  and  e{K)/^  <<  1.  almost 
all  received  packets  will  be  successful.  However,  packets  might  not  be  received 
because  of  a  busy  destination  or  imperfect  synchronization.  Even  so,  with  ideal 
synchronization,  when  K  is  small  compared  to  M,  i?)  is  always  close  to  1, 

so  the  throughput  is  maximized  by  a.  very  large  g*.  Unfortunately,  the  numerical 
solution  used  for  finding  the  throughput  becomes  unstable  as  g  becomes  large. 
Therefore,  an  approximation  of  the  Markov  chain  is  used  which  is  •v'alid  for  such 
values  of  g. 

For  very  large  g.  with  high  probability,  the  number  of  transmissions  will  be  A', 
since  as  soon  as  a  transmission  ends  a  new  scheduling  point  will  be  generated  and 
transmission  of  a  new  packet  will  begin.  However,  in  order  to  find  the  throughinit. 
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the  distribution  of  the  number  of  captured  receivers  must  be  considered.  In  this 
section,  it  is  proven  that  the  probability  of  there  being  fewer  than  K  active  trans¬ 
mitters  is  0{l/g).  Then,  the  distribution  on  the  number  of  captured  receivers  is 
derived  from  an  approximation  of  the  Markov  chain,  w'hich  contains  only  the  states 
{(A',  i?)  :  X  =  K  —  I  OT  X  =  K}.  Ts{K  —  1,/?)  is  found  from  Eqn.  4.27  to  give 


(4.30) 


Consider  the  set  of  states  (A, i?)  emd  (A  -1-  1,  A)  for  A  <  M/2.  The  marginal 
probability  of  there  being  A  radios  transmitting  is  denoted  by  7ro(A), 

X 

7ro(A)=  xo(A,A).  (4.31) 

.R=0 

The  expected  number  of  users  receiving  given  A’  is 

£(;!|.V)  =  Z  (4^32) 

R=0 

7ro(A*)  can  be  foimd  from  the  balance  equations  resulting  from  a  cut  between  states 
(A', A)  and  states  (A’  +  1, A),  shown  in  Fig.  4.10, 

.V  A'+i 

^  (ilf  —  A  —  A)A7ro( A,  A)  =  ^  ( A  +  l)/i7ro(  A'  +  1,  A) 

R=0  R=0 

(M  -  A)A7ro(A)  -  A7ro(A)f:(AlA)  =  (A  4-  l)^7ro(A  +  1),  (4.33) 


so 


«(.V)  =  (M-(-v-i)-W--m 


(4.34: 


E(I\X)  is  defined  to  be  the  expected  number  of  idle  radios  given  X  users  transmit¬ 
ting. 


£(/|A)  =  A(M  -  A  -  A|A) 

=  M  -  X  -  E{R\X).  (4.35) 
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so 


^o(^)  = 


£(r|-Y-  1)A 

A'/i 


{X/fi)E{I\x)\ 

U=o  (^  +  1)  / 


^o(O). 


(4.36) 


For  X  <  M/2,  there  will  always  be  at  least  one  idle  radio,  since  M  —  2A'  < 
E{I\X)  <  M  —  A.  Therefore, 

is  0{g)  for  A  <  M/2.  (4.37,. 

which  implies  that  for  K  <  M/2,  t:q{K  —  \) / i:Q{K )  is  O  (5'^)!  and  t:q{K  —  2) / zq[K  \ 
is  O  (^~")-  Thus,  to  first  order,  for  large  g,  the  approximation  to  the  Markov  chain 
which  is  shown  in  Figures  4.14  and  4.15  is  valid. 

Cut  1  indicated  'n  Fig.  4.15  gives  the  local  balance  equation 


(A  —  i?  A',  A)  =  Fi  A)(l  —  Pri:(  K  —  \  .  R))\ 


F{R}  =  {M  -  K  -  R  +  l)X-o(K  -  l.R)  (4.3S 


F(R)  is  the  rate  of  probability  flowing  oat  of  state  {K  —  1,  A),  so  cut  2  gives 


F(A)  =  (7v'  —  A;/irro(A',  A)  +  ( A  +  l);jTro(7\ ,  A  4-  1 );  (4.39) 


(A+  l);i-o(77,  A+  1)  = 


(K  -  R)f2-(,{K,  A) 
1-Afl,(77-1,A) 


-  (77  -  A)/i:ro(77.A); 


(4.40) 


7ro(7v  ,  A  +  1 ) 


K  -  A 
A  +  1 


f _ L _ 

V 1  -  Rrz  (R  -  1 ,  a  ) 


~o(K ,  A) 


for  U  <  A  <  77  —  1.  (4.41  1 
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Fig.  4.14  State-transition  diagrann  for  the  channel  load  sense  model. 
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Fig.  1.15  Local  state-transition-rate  diagram  for  the  channel  load  sense 


From  these  recursion  equations,  the  probabilities  7ro(A', /?)  can  be  found  in  terms 
of  7ro(A',  0),  and  then  normalized  by  setting  I27ro(A',  A)  =  1. 

For  the  case  when  K  is  small  compared  to  M,  and  ca'/m  <<  ^his  approxima¬ 
tion  for  the  Markov  chain  gives  the  d’stribution  7ro(A',  A),  from  which  the  through¬ 
put  S  can  be  derived.  For  larger  A,  the  maximum  throughput  is  achieved  at  values 
of  g  for  which  the  approximation  is  no  longer  valid.  However,  for  g  in  this  range, 
the  numerical  solution  described  in  §4.2  can  be  used. 

4.3.2  Non-zero  Propagation  Delay 

It  is  well  knowm  that  carrier  sensing  systems  degrade  as  the  propagation  delay 
becomes  large  relative  to  the  packet  lengths.  An  exact  model  of  a  fixed  or  vaiying 
propagation  delay  was  found  to  be  intractable.  For  this  reason,  the  model  used 
requires  several  unrealistic  assumptions.  However,  even  though  the  absolute  re¬ 
sults  may  not  correspond  to  the  performance  of  a  real  network,  the  model  enables 
the  relative  performances  of  systems  with  and  without  channel  load  sensing  to  be 
compared  as  a  function  of  the  propagation  delay. 

The  following  assumptions  lead  to  the  approximate  model  of  a  system  with  non¬ 
zero  propagation  delay.  A  given  packet  requires  an  equal  propagation  time  to  reach 
all  other  users  in  the  network.  The  propagation  time  is  drawn  from  an  exponential 
distribution,  independently  for  each  packet,  regardless  of  the  source  or  destination. 
In  order  that  the  propagation  delay  has  the  same  effect  at  all  users,  including  the 
source,  the  further  pessimistic  assumption  is  made  that  the  transmitter  is  busy  until 
the  end  of  the  packet  has  reached  the  destination. 

A  packet  transmission  is  diagrammed  in  4.16(a).  The  shaded  region  indicates 
this  additional  busy  period  for  the  transmitter.  The  propagation  delay  is  modeled 
by  introducing  an  exponentially  distributed  holding  time,  mean  l/i^.  into  every 
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Fig.  4.16  Non-zero  propagation  delay  model. 
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transmission.  The  radios  are  modeled  as  in  Fig.  4.16(b).  A  packet  transmission 
now  consists  of  two  exponentially  distributed  periods.  During  the  first  period, 
the  packet  is  not  heard  by  any  of  the  radios,  so  the  state  of  the  somce  radio  is 
transmitiing,  unheard.  During  the  second  period,  the  packet  is  heard  by  all  radios, 
and  might  be  received,  and  the  state  of  the  source  radio  is  transmitiing,  heard.  The 
state  space  of  the  network  model  is  therefore  defined  as  (-Vu,  Xh,  R),  where  A’u  is 
the  number  of  radios  which  are  transmitting  unheard,  Xk  is  the  number  of  radios 
which  are  transmitting  heard,  and  R  is  the  number  of  radios  which  are  receiving. 
For  the  channel  load  sense  models,  the  decision  on  w’hether  or  not  to  transmit  is 
again  based  on  the  number  of  radios  which  can  be  sensed  transmitting,  A/,,  but  this 
decision  does  not  take  into  account  the  radios  that  are  transmitting  but  cannot  be 
heard,  X^- 

The  state  space  of  the  primary  Markov  chain  is  the  three-dimensional  space 
indexed  by  Au,  A/,,  and  i?; 

0  <  A„  <  M, 

=  I  ( Au.  Xh.R)  ■  0  <  Xh  <M  -  A„. 

Q  <  R<  M  -Xu-  Xh.  and  R  <  Xh  . 

Similarly,  for  the  auxiliary  Markov  chain, 

0  <  A„  <  M, 

^aux  =  *  {Xu,Xh,R) :  1  <  A'f,  <  i\/  -  A'u, 

■  I  <  R  <  M  —  A'u  —  Xh.  and  R  <  Xh  ■ 

The  parameter  h  is  defined  to  be  u/fi,  so  1/A  is  the  average  holding  time  normalized 
by  the  mean  packet  length.  1/A  is  roughly  equivalent  to  the  standard  delay  mea.sure 
a,  which  is  the  propagation  delay  normalized  by  the  packet  length. 

For  the  state  {Xu,  Xh,  R),  with  Xh  <  R,  new  transmissions  at  rate  {M  —  A'u  — 
Xh  —  R)^  cause  a  transition  to  the  state  (A'„  -)-  l.Xh,R).  For  A'/,  >  A',  there  are 
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no  new  transmissions.  Radios  change  from  transmitting,  unheard,  to  transmitting, 
heard,  at  a  rate  u,  and  may  be  received  or  not  a£  in  the  finite  population  model,  so 
there  are  transitions  to  the  state  (,Yu  —  1,  -t-  1,  J?  +  1)  at  rate  vPRxi^u-  A'/,.  R). 

and  to  state  {Xy,  -  RAT*  +  l,i?)  at  rate  jv(l  -  Pjij.(Xy,  Xh,  R))-  With  perfect 
synchronization,  PRi(Xy,  Xii,R)  is  the  probability  that  the  destination  is  idle  given 
state  {Xy,  Xfi,  R)  and  given  that  u  is  transmitting,  unheard,  which  is 


PRxiXy,Xk,R) 


M  -  Xy-  Xk  -  R 
M 


(4.42; 


Those  packets  which  were  received  are  completed  at  rate  pi?,  causing  transitions 
to  {Xy^Xh  —  l,i?  —  1),  and  those  that  were  not  received  finish  at  rate  p(-Y/,  —  R). 
with  a  transition  to  {Xy,Xh  —  l,i?)- 

The  user  throughput  Sy  is 

uMXy,Xh.R)PR{Xy,Xh.R)PRx{Xy,Xh.R)x 

(Ts{.\y,Xh,R)  -  Ps\{Xu..\h.R)'^p^-  (■^•■^3) 


■'vhere  Pr{Xu,  A'/,.  R)  is  the  probability  that  user  u  is  transmitting,  unheard,  given 
state  (A'u,.Y/,,  R),  which  is  simply  Xy/M.  Thus,  with  ideal  synchronization. 


S=  uno{Xy,Xh,R)XyX 


(4.44. 


4.3.3  Channel  Load  Sense  Results 

The  throughput  S  versus  traffic  rate  g  is  plotted  in  Fig.  4.17  for  a  network  size 
M  =  20,  using  the  bound  on  the  BPSK  Pe.aymboh  -Cfc/Ao  =  10.0  dB.  and  IT  =  G4. 
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Throughput  S 


for  the  zero-propagation  delay  model  with  channel  load  sensing.  For  this  channel, 
the  capacity  with  A'  =  2  of  1.64  exceeds  the  capacity  with  no  channel  load  sensing 
of  1.05  by  56%. 

The  capacity  is  plotted  as  a  function  of  AT  for  several  values  of  W  in  Fig.  4.18 
for  the  same  network,  with  E^/Nq  =  10.0  dB.  For  low  values  of  W ,  the  channel 
load  sensing  can  give  fairly  substantial  improvement  in  performance.  The  absolute 
increase  is  almost  constant  with  respect  to  W,  so  for  larger  W  there  is  a  smaller 
percentage  increase.  Furthermore,  this  improvement  decays  for  non-zero  propaga¬ 
tion  delay,  as  shown  in  Fig.  4.19.  The  capacity  C  is  plotted  as  a  function  of  the 
delay  parameter  1/h  for  W  =  64  and  IF  =  512,  for  no  channel  load  sensing  and  for 
the  channel  load  sense  point  K  optimized  at  each  value  of  h.  For  no  channel  load 
sensing,  the  throughput  decreases  as  l/h  increases,  due  to  the  approximations  of 
the  model.  The  significant  result  is  the  relationship  of  throughput  for  load  sensing 
to  that  with  no  load  sensing.  Even  with  ideal  sensing,  the  improvement  is  small, 
especially  as  l/h  increases.  In  addition,  this  model  does  not  account  for  hidden 
terminals,  another  factor  that  was  found  to  severly  degrade  the  performance  of  nar¬ 
rowband  CSMA  systems.  Thus,  the  use  of  channel  load  sensing  is  expected  to  be 
much  less  beneficial  for  SSMA  networks  than  for  narrowband  networks. 


4.4  Summary 

Several  Markovian  network  models  were  developed  in  this  chapter.  The  sim¬ 
plest  model  was  the  infinite  population  model,  which  did  not  account  for  receiver 
availability  and  modeled  the  aggregate  traffic  as  Poisson.  The  state  space  of  the 
more  exact  finite  population  model  accounted  for  the  states  of  the  individual  radios, 
and  allowed  the  effect  of  receiver  availability  to  be  modeled.  The  model  was  modi¬ 
fied  to  consider  a  system  which  uses  a  channel  load  sense  protocol.  The  model  was 
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Fig.  4.18  Capacity  versus  channel  load  sense  point,  zero  propagation  delay,  un 
coded  channel. 
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Fig.  4.19  Capacity  versus  propagation  delay,  channel  load  sensing,  uncoded  chan¬ 
nel. 


80 


also  extended  to  give  an  approximate  model  of  a  system  with  non-zero  propagation 
delay.  The  general  form  for  all  of  the  models  consisted  of  two  Markov  chains.  The 
primary  Markov  chain  gave  the  steady  state  probability  of  being  in  a  given  state, 
and  the  auxiliary  Markov  chain  gave  the  probability  of  successful  packet  reception 
given  the  starting  state.  This  approach  allowed  the  channel  models  of  Chapter  3  to 
be  combined  with  the  network  model,  leading  to  an  integrated  model  of  the  SSMA 
PR  network. 

The  throughput  was  fotmd  as  a  function  of  the  traffic  rate  G  or  g.  the  received 
signal  power  Zj/A'q,  the  spreading  factor  and  the  network  size  M.  For  the 
channel  load  sense  models,  the  additional  parameters  used  w'ere  the  sense  threshold 
K  and  the  delay  parameter  l//i,  which  is  roughly  equivalent  to  a,  the  ratio  of 
maximum  end-to-end  propagation  delay  to  mean  packet  transmission  time.  The 
numerical  results  indicate  the  effect  of  channel  errors,  evident  at  low  spreading 
factors  and  low  received  signal  powers.  Several  types  of  modulation  were  compared. 
Also  shown  was  the  effect  of  receiver  availability.  The  use  of  channel  load  sensing  led 
to  improved  performance  for  the  ideal  system,  especially  at  low  spreading  factors. 
However,  this  improvement  decreased  in  a  system  with  appreciable  propagation 
delay.  Therefore,  the  results  suggest  that  for  an  actual  system,  for  which  the  sensing 
would  not  be  ideal,  the  improvement  will  be  minor,  and  will  be  unlikekly  to  justify 
the  cost  and  complexity  of  channel  load  sensing  hardware. 
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Chapter  5 


Viterbi  Decoder  Analysis 


The  lose  of  Forward  Error  Correction  (FEC)  coding  will  often  lead  to  an  improve¬ 
ment  in  the  performance  of  SSMA  PR  networks.  The  network  model  of  Chapter  4 
can  be  used  to  study  a  system  with  FEC  coding  provided  that  the  channel  model 
can  be  formulated  as  a  Poisson  process.  In  this  chapter,  the  performance  of  a 
\'iterbi  decoder  in  the  environment  of  an  unslotted  SSMA  PR  network  is  analyzed. 
Although  the  Viterbi  decoder  has  been  extensively  analyzed  for  a  number  of  years, 
for  two  reasons  these  standard  results  are  not  applicable.  First,  they  assume  that 
the  symbol  error  rate  is  constant,  which  is  not  the  case  for  an  imslotted  SSMA 
network.  Second,  the  aim  of  standeird  analyses  is  the  long  term  average  probability 
of  bit  error  for  a  continuous  stream  of  data,  rather  than  the  probability  of  success 
of  a  short  packet.  The  analysis  of  this  chapter  yields  the  probability  of  success 
for  a  packet  received  in  the  presence  of  interference  which  v-aries  over  time.  The 
resulting  probability  of  success  can  be  expressed  in  such  a  way  as  to  give  a  Poisson 
process  for  the  model  of  the  generation  of  errors.  The  rates  of  this  error  process  are 
evaluated  numerically  for  a  specific  code.  This  allows  the  determination  of  network 
throughput,  leading  to  results  for  a  system  with  FEC  coding  which  are  similar  to 
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those  found  in  Chapter  4  for  a  system  with  cin  uncoded  channel.  The  numerical 
results  indicate  explicitly  the  improvement  in  network  throughput  gained  by  FEC 
coding. 


5.1  Introduction 

In  a  system  using  FEC  coding,  even  if  the  symbol  errors  are  independent,  the 
probability  of  bit  errors  in  the  output  data  stream  will  not  be  independent  from  bit 
to  bit.  Therefore,  for  an  exact  calculation  of  P5,  the  probability  that  the  packet  is 
successful  (i.e.  that  no  errors  occur  in  decoding),  one  must  know  the  probability  of 
error  for  each  symbol  of  the  packet.  Theoretically,  given  the  function  Pe^symboli-^ ) 
and  the  values  of  A'  throughout  the  entire  packet,  one  could  find  P5  exactly.  How¬ 
ever,  this  would  require  a  calculation  of  all  possible  codewords,  and  the  probability 
of  choosing  each  codeword  given  the  values  of  Pe. symbolic)  for  each  symbol,  which 
quickly  becomes  infeasible  for  packets  of  more  than  a  few  bits.  Instead,  a  bound  on 
P5  is  found  which  is  a  product  over  76  of  a  bound  on  Pc{jb)>  the  probability  that  no 
decoder  error  is  made  at  a  given  bit  position  jt,.  The  result  is  similar  to  the  bound 
derived  by  Taipale  in  [50],  but  a  new  derivation  is  found  which  is  valid  even  when 
the  symbol  error  rate  varies  during  the  reception  of  a  packet. 

From  simulations  of  the  decoder,  it  has  been  found  that  the  decoder  decision  is 
essentially  independent  of  symbol  errors  which  occurred  more  than  4  or  5  constraint 
lengths  K  in  the  past  [22],  [30].  Therefore,  the  true  bound  on  Pcijb)  is  very  likely 
to  be  bracketed  by  the  results  found  by  considering  the  maximum  and  minimum 
symbol  error  rates  over  the  last  5I\  bits.  This  reduces  the  problem  to  one  of 
calculating  Pcijb)  for  a  constant  symbol  error  rate.  For  this  problem,  the  bound 
on  Pcijb)  can  be  expressed  as  a  finite  product.  In  §5.4.1,  the  terms  of  this  product 
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are  given  for  the  specific  case  of  the  rate  1/2,  constraint  length  K  =  7  code  with 
generator  polynomial  (in  Octal)  171,  133  [34]. 


For  a  system  in  which  the  probability  of  symbol  error  changes  slowly  over  5A' 
bits,  the  bound  on  PcUb)  can  be  approximated  by  finding  the  value  of  PciJb) 
resulting  from  a  constant  probability  of  symbol  error  equal  to  the  current  value. 
The  resulting  model  is  both  memoryless  and  independent  from  bit  to  bit,  so  the 
Poisson  error  model  assumed  in  Chapter  3  can  be  used  even  for  the  coded  channel. 


5.2  Analysis 


Unlike  block  codes,  convolutional  codes  do  not  require  a  frame  structure.  The 
output  symbols  from  the  encoder  at  any  time  are  a  linear  combination  (modulo 
2)  of  the  previous  K  bits,  so  the  output  stream  depends  on  the  input  bits  in  a 
sliding  window  fashion.  For  a  rate  m/n  code,  n  symbols  are  output  for  each  m 
bits.  Typically,  for  m  =  1  codes,  a  shift  register  stores  the  last  K  bits,  and  each 
of  the  n  symbols  is  generated  by  a  different  linear  binary  function  of  these  bits. 
The  major  parameters  of  the  code  are  its  constraint  length  K  and  its  rate  m/n. 
In  this  dissertation,  numerical  results  are  found  only  for  the  rate  1/2,  constraint 
length  7  code,  and  for  illustrative  purposes  a  rate  1/2,  constraint  length  3  code  is 
also  discussed.  The  approach  taken  can  be  used  to  study  other  convolutional  codes, 
with  different  rates  and  constraint  lengths. 

The  following  terminology  is  used.  Bits  refer  to  the  uncoded  data  stream  input 
from  the  end  user.  Symbols  refer  to  the  binary  sequence  output  from  the  encoder 
(for  a  rate  1/2  code,  there  are  two  symbols  for  every  bit).  The  word  position  refers 
to  the  hit  or  symbol  position  in  the  data  sequence,  and  the  word  bit  or  symbol  is 


generally  reserved  to  mean  the  v’alue  (0  or  1)  occurring  at  a  given  position.  The  bit 
position  is  denoted  by  and  the  symbol  position  by 

The  analysis  considers  a  tagged  packet  of  length  £  +  A'  —  1  bits,  which  consists 
of  £  data  bits  and  a  known  trailer  of  AT  —  1  bits.  The  encoder  is  preset  to  a 
known  state  at  the  start  of  each  packet.  The  results  of  this  chapter  apply  to  any 
channel  that  can  be  characterized  by  a  sequence  of  states  pj, ,  corresponding  to  the 
probabilities  of  symbol  error  at  each  symbol  position  j,,  and  for  which  the  symbol 
errors  are  independent  given  the  sequence  of  states  throughout  the  packet.  This 
sequence  of  states,  {P\,P2^  ■  ■  ■  ■,P2{C+K-l))i  t>e  denoted  by  V.  For  the  system 
under  consideration,  the  probability  of  symbol  error  is  derived  in  the  same  manner 
as  the  probability  of  bit  error  in  §3.4,  with  the  word  “symbol”  replacing  the  word 
“bit”  everywhere.  The  model  of  symbol  errors  given  in  §3.4  lea.ds  to  a  memoryless 
binary  symmetric  channel,  for  which  the  probability  of  symbol  error  is  a  function 
of  the  current  channel  state,  so  pj,  =  Pe,$ymbol{^j,)-,  where  Xj,  is  the  netw'ork 
state  X  at  the  j^th  symbol.  Also,  for  this  model  of  the  SSMA  radio  channel,  the 
symbol  errors  are  conditionally  independent  given  V.  so  the  requirements  stated 
earlier  are  satisfied.  Throughout  this  chapter  all  probabilities  are  conditioned  on 
V.  For  notational  simplicity,  this  condition  is  not  explicitly  stated.  Because  the 
channel  errors  are  symmetric,  and  convolutional  codes  are  group  codes,  Ps  is  the 
same  for  any  transmitted  codeword  [34],  so  the  data  bits,  trailer,  and  starting  state 
are  chosen  to  be  all  zeros. 

Va  is  a  sequence  of  £  +  A'  —  1  bits,  where  the  first  £  bits  are  arbitrary  and  the 
last  A'  —  1  bits  are  the  known  trailer  sequence,  and  q  G  {0, . . . , 2^  —  1}.  Va*'^  is  the 
subsequence  consisting  of  the  first  j(,  bits  of  the  sequence  Vq.  Daijb)  is  the  j'^th  bit  of 
Vq.  Co  is  the  sequence  of  2(£+  7\  —  1)  symbols  output  from  the  encoder  (with  a  rate 
1/2  code),  for  an  encoder  input  of  Va-  Thus,  {£q,q  =  0, . . . ,  2^  -  1}  is  the  set  of  all 
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possible  codewords  for  a  packet  with  £  data  bits.  Cn'^  is  the  subsequence  consisting 
of  the  first  symbols  of  the  .codeword  Ca  (js  =  2jb)-  Ca{js)  is  the  jjth  symbol  of 
Ca-  The  all  zero  data  sequence  is  'Dq,  and  the  corresponding  codeword,  which  is 
the  transmitted  codeword,  is  Cq.  Given  two  codewords,  Ca  and  C^,  \Ca  —  C^l  is  the 
Hamming  distance  between  Ca  and  C^.  Sr  is  the  sequence  of  2(£  +  A'  —  1)  received 
symbols,  which  is  equal  to  the  sequence  of  channel  errors.  is  the  subsequence 

consisting  of  the  first  js  received  symbols,  and  SR{js)  is  the  j,th  symbol  of  Sr. 

is  the  difference  in  Hamming  distances,  —  Ca’\  —  ^ 

denotes  an  arbitrary  encoder  state.  is  the  survivor  path  for  state  £  at  position 
jb- 

The  encoding  function  is  the  mapping  of  the  C+K  —  1  bit  sequence  to  a  2(£+ 
K  —1)  symbol  codeword  Ca-  The  encoder  can  be  modeled  as  a  finite  state  machine. 
Transitions  between  states  occur  at  each  new  input  bit.  For  a  rate  1/2,  constraint 
length  K  convolutional  code,  the  symbols  at  positions  j,  =  2ji,  —  1  and  j,  =  2jb 

only  depend  upon  the  bits  DaUb  —  A'  4- 1),  Daijb  —  K  +  2) - ,  Daijb)  of  the  data 

sequence.  Because  the  oldest  bit  of  the  K  bits  in  the  shift  register  does  not  affect 
the  next  state,  only  2^“^  states  are  needed.  Thus,  at  position  jb-  the  state  of  the 
encoder  £  is  defined  to  be  the  K  —  1  bits  Da{jb  —  A*  +  2),  Da{jb  —  A'  +  3), ... ,  Daijb). 
The  state  £  zind  the  value  of  the  bit  at  position  jb  +  1  uniquely  determine  both  the 
output  and  the  next  state.  The  finite  state  machine  representation  of  the  rate  1/2, 
AT  =  3  encoder  is  shown  in  Fig.  5.1,  which  also  indicates  the  two  symbols  output  at 
each  transition. 

For  the  sake  of  brevity,  the  phraise  “Cq  is  in  state  £  at  position  jb"  is  used  to  mean 
that  £  is  the  state  at  position  jb  of  the  encoder  which  produced  Ca-  The  encoder 
is  said  to  be  in  the  zero  state  at  bit  jb  when  Daijb  —  A'  +  2)  =  0,  Daijb  —  A'  +  3)  = 
0, .  . . ,  and  Daijb)  =  0.  Also,  the  encoder  is  said  to  return  to  the  zero  state  at  bit 
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jb  when  the  encoder  is  not  in  the  zero  state  at  bit  jb  —  1  and  is  in  the  zero  state  at 
bit  jb- 

The  Viterbi  decoding  algorithm  is  summarized  below.  A  much  more  detailed 
treatment  can  be  found  in  the  paper  by  Viterbi  [51]  and  also  in  most  texts  on  error 
correction  coding,  such  as  Clark  and  Cziin  [10]  and  Blahut  [3].  At  each  bit  position 
jb,  which  corresponds  to  symbol  position  js  =  2jb,  for  each  of  the  2'^"^  states  S 
of  the  encoder,  the  decoder  stores  a  sequence  of  encoder  states  which  begins  in  the 
known  stairting  state  and  ends  in  the  state  S.  Each  such  sequence  of  states  is  referred 
to  as  a  survivor  path,  denoted  by  Each  sur\'ivor  path  can  be  associated  with 

a  data  sequence  T>q^\  so  the  notation  is  used  to  mean  that  the  path 

results  when  the  first  jb  bits  of  the  encoder  input  are  If  is  the 

codeword  that  would  be  output  for  a  sequence  of  encoder  states  corresponding  to 
(i.e.  then  the  Hamming  distance  between  and  is  less 

than  (or  equal  to)  the  Hamming  distance  between  and  any  other  codeword 
which  begins  in  the  starting  state  and  ends  in  state  S  at  position  jb.  When  several 
codewords  are  at  equal  Hamming  distance  from  5^'’'',  one  of  the  associated  paths 
is  chosen  randomly. 

In  addition  to  the  survivor  paths,  the  decoder  stores  a  metric  for  each  of  the 
codewords  associated  with  the  survivor  paths.  For  the  hard  decision  de<-:,der 
being  considered,  the  metric  is  the  Hamming  distance  Consider 

the  two  extensions  of  the  survivor  path  =  Vo''^  resulting  fron,  appending 

first  a  0  and  then  a  1  to  There  are  now  twice  as  many  paths  to  consider. 

However,  each  of  the  new  paths  can  be  paired  with  another  which  ends  in  the 
same  state  at  bit  jb  -h  1.  Let  two  such  paths  be  und  which  both 

end  in  state  £  at  bit  ^6  +  1-  From  the  information  scored  regarding  the  survivor 
paths  at  bit  jb,  the  metric  of  each  path  is  known  up  to  bit  jb.  The  values  of  the 
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two  symbols  —  1)  and  Sr{2ji)),  are  also  known,  and  the  codeword  symbols 

—  1),  CR{2j},)^  Cy{2j},  —  1),  and  C-j{2jb),  can  be  calculated,  so  the  metrics 
of  paths  and  can  be  computed.  The  path  with  the  better  metric  is 

chosen  as  the  new  survivor  path  Also,  the  metrics  of  the  new  survivor  paths 

are  stored.  It  can  be  seen  that  this  algorithm  will  never  eliminate  the  codeword 
which  is  at  minimum  Hamming  distance  from  Sr,  so  the  decoding  algorithm  yields 
the  maximum  likelihood  codeword. 

Because  a  known  trailer  is  transmitted,  at  the  end  of  the  packet  the  decoder  can 
choose  one  unique  codeword  from  the  2'^“^  survivor  paths,  namely,  the  one  which 
ends  in  the  state  specified  by  the  trailer.  The  packet  is  successfully  decoded  if  and 
only  if  the  survivor  path  for  the  zero  state,  is  equal  to  the  all  zero  path 

Vq,  so 

£+A'-l 

Ps=  n  =  =  (5.1) 

3h=\ 

•Pc(i6|l)2,  •  •  ■ ,  —  1)  is  defined  to  be  the  conditional  probability* 

Pc(j6|l,2,...,;i  -  1)  =  Pr(Si'‘^  =  (5.2) 

To  find  Pc(j6 |li  2, . . . ,  ji  —  1),  it  is  only  necessary  to  consider  those  codewords  which 
return  to  the  zero  state  at  position  jj.  Furthermore,  the  condition  implies  that  any 
of  these  codewords  which  have  previously  returned  to  the  zero  state  have  already 
been  eliminated,  so  the  only  codewords  that  could  be  chosen  as  So(;i)  are  those 
which  return  to  the  zero  state  for  the  first  time  at  position  jt,.  A  partial  codeword 
w’hich  eliminates  Cq  at  position  can  have  many  future  evolutions,  that  is. 
many  codewords  Cq  can  begin  with  the  sequence  However,  the  evolution  of 

the  partial  codeword  after  it  eliminates  Cq  is  irrelevant  to  a  determination  of  the 

*  Pc  is  1  —  Pe,  where  Pe  is  the  probability  of  first-event  error  as  in  [51] 
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success  of  a  packet.  Consequently,  only  the  unique  codeword  Cq  which  equals 
for  symbols  jg  <  2jb  and  is  zero  for  symbols  <  jg  <  2(£  +  A'  —  1)  is  considered. 
The  set  of  codewords  which  return  to  the  zero  state  at  position  and  remain  in  the 
zero  state  thereafter  is  denoted  by  'ip(jb)-  Even  for  the  data  sequence  of  a  single  one 
followed  by  all  zeros,  the  zero  state  is  not  reached  until  position  K,  so  =  0  for 
jb  <  A’.  ^  will  denote  the  union  over  jb  =  K,  K +  1, . . . ,  C  +  K —  1  oixp{jb)-  A  Iso,  any 
codeword  €  ^i^Ub),  is  identically  zero  for  positions  after  jb,  so  =  SjjICq  ). 

If  SiiiCa)  >  0  for  every  Ca  €  then  T>o  will  be  chosen  as  the  survivor  path  at 
everj’  position,  so  the  packet  will  be  correctly  decoded.  Similarly,  6 jj{Cq)  <  0  for 
one  or  more  Ca  E  then  a  decoding  error  will  be  made.  If  S^^'’  and 

there  is  a  tie  at  position  jb  between  Cq  and  one  or  more  Cq  in  rl’(jb}  for  the  minimum 
distance  codeword  from  the  received  sequence,  one  of  the  two  corresponding  survivor 
paths  is  chosen  at  random.  Therefore,  if  ^if(Co)  >  0  for  all  Cq  6  'I'  and  there  are 
i  positions  jb  such  that  for  some  codeword  Cq  G  '<i>{jb)^  =  0)  the  packet  is 

correctly  decoded  with  probability  (l/2)‘. 

In  order  to  simplify  the  analysis  in  the  case  when  there  is  a  tie  for  the  minimum 
distance  path  at  some  position  jb,  the  event  that  Cq  is  favored  over  Co.  denoted  by 
!Fq,  is  introduced.  If  Sh(Co)  >  0  then  with  probability  one,  Cq  is  not  favored,  and 
if  Sh{Cq)  <  0  then  with  probability  one,  Cq  is  favored.  If  Sjj{Cq)  =  0,  then  Cq  is 
favored  with  probability  1/2,  where  the  choice  is  made  independently  of  all  other 
codewords.  The  complementary  event  Tq  is  the  event  that  !Fq  does  not  occur. 

When  the  received  sequence  is  such  that  there  is  not  a  tie  with  Co  for  the 
minimum  distance  codeword,  the  event  that  one  or  more  codewords  in  y.'{jb)  is 
favored  is  equivalent  to  the  event  that  a  decoder  error  is  made.  In  the  case  of  a 
tie  between  Cq  and  i  codewords  in  rl'ijb)-,  the  probability  that  no  codeword  in  v(jb) 
is  favored  is  (1/2)*,  while  the  probability  of  no  decoder  error  at  position  jb  is  1/2. 
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Thus, 


•Pc(j6|l,2, . . . ,  jfc  -  1)  >  Pr(J^  Va  e  il^{jb)\  no  error  at  1,2, . . .  ,jb  -  1); 
Ps  >  Pr(^  Va  €  <i>). 


(5.3) 


PcUb)  is  defined  as  Pr(^^  Va  €  ^{jb))i  without  the  condition  of  no  previous  errors. 
In  the  next  section,  it  is  proven  that 


Pr(j5K,,:f;, . K^)>VT{rg).  (5.4) 

for  any  codeword  and  any  disjoint  set  of  codewords  Ca„,  where  the  codewords 
are  any  of  the  2^  codewords  of  length  C  +  K  -1.  This  proof  is  valid  even  when  the 
probability  of  symbol  error  \'aries  during  the  packet  reception.  Thus, 

C+K-i 

PcUb)>  n  and  Ps>  U  n  Pr(J^).  (5.5) 

J4=A'  a^vijb) 


5.3  Bound  on  Conditional  Probability 

In  this  section,  it  is  proven  that  the  probability  of  conditioned  on  the  events 
■^oi  1-^02  V  •  •  t  and  PaM  greater  than  the  unconditional  probability  of  for  any 
codeword  and  any  set  of  Ai  codewords  where  the  codewords  are  of  length 

2{C  +  K  —  1)  symbols.  The  inequality  is  implicitly  conditioned  on  the  sequence  of 
channel  states  for  each  symbol,  V.  The  following  approach  is  used.  First,  a  set 
of  random  variables  {d,}  is  identified  as  a  sufficient  statistic  for  determining  the 
probability  of  P^.  Conditioning  on  the  d,,  a  recursive  expression  is  found  for  the 
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Siam  over  all  vzJues  of  (i,  for  a  given  i.  By  summing  over  all  d,  for  every  i,  a  bound 
on  the  total  probability  is  found  to  be 

>  Pr(^).  (5.6) 

In  this  section,  the  word  position  refers  to  symbol  position,  not  bit  position.  For 
notational  convenience,  U  is  used  to  denote  the  event  and  V',  the  intersection  of 
events  ^2,  •  ■  • ,  and 

Consider  the  ordered  collection  of  codewords  Cp,  Cq^,  . . .  ,Co^.  each  of  length 
2(£  +  A'  —  1)  symbols.  At  each  position  jg  there  is  a  pattern  formed  by  the  ordered 
sequence  of  symbols  (C^(jj),  Coj(jj),. . .  ,CQ^(ja)).  The  symbol  i  designates  the 
ordered  pattern  of  symbols  that  is  equal  to  a  base  2  representation  of  z,  so  z  =  0  is 
the  pattern  (0,  0, ...  ,0),  z  =  1  is  (0,0, ... ,  1),  and  so  on  up  to  z  =  —  1,  which 

is  (1,1,...,  1).  The  positions  js  can  be  grouped  according  to  the  patterns.  y(i)  is 
defined  to  be  the  set  of  all  positions  js  for  which  the  pattern  is  equal  to  a  given  z. 
Some  of  these  sets  may  be  empty.  For  example,  in  the  case  of  two  codewords  Cp 
and  Cq,  3^'(1)  indicates  all  positions  jg  for  which  Cp{jf)  =  0  and  Cq  ijs)  =  1.  >'(2i 
those  positions  for  which  Cpijg)  =  1  and  Coijs)  =  0,  and  so  forth.  A'y{i)  denotes 
the  cardinality  of  the  set  3^(z).  Furthermore,  (V/?(z)  denotes  the  subset  of  y(?j  for 
which  Sji(js),  the  symbol  of  the  received  sequence  at  position  jg,  is  also  equal  to  1. 
and  Afyjf(i)  denotes  the  cardinality  of  yR{i). 

In  evaluating  the  probability  of  those  sets  (V(0  which  the  symbol  corre¬ 
sponding  to  the  codeword  Cp  is  equal  to  1  are  of  particular  interest.  For  notational 
convenience,  let  n,  =  Afy{i  -f  2-^),  d,  =  Afy^ii  +  2-^),  N  =  2-^  -  1,  and  let  e,  refer 
to  a  specific  value  of  the  random  variable  d,,  0  <  e,  <  rz,.  Thus,  do  is  the  number 
of  positions  for  which  the  received  sequence  is  one,  Cp  is  one.  and  all  of  the  Cq's 
are  zero;  dy  is  the  number  of  positions  for  which  all  of  these  are  one.  The  vector 
(do,  d] , .  . . ,  d,),  is  denoted  by  d,  and  similarly  for  e,. 
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Given  the  vedues  A^;y^(z),  an  event  is  conditionally  independent  of  both  the 
received  sequence  Sr  and  all  other  events  ^2’  where  71  and  72  can  be  /?  or  one  of 
the  am-  The  numbers  ^y{i)  are  determined  by  the  set  of  codewords  Cg  and  {Cq„}. 
The  numbers  are  random  variables,  since  they  are  functions  of  the  random 

channel  errors.  Also,  the  for  different  patterns  i  are  independent,  since 

they  depend  upon  the  symbol  errors  occurring  during  disjoint  sets  of  positions, 
and  the  symbol  errors  are  independent  conditioned  on  V.  Furthermore,  SRiCg). 
and  consequently  Pr(,7^),  does  not  depend  upon  SRija)  at  positions  js  for  which 
CgUs)  =  0,  so  Tg  is  independent  oi for  i  <  2'^.  As  a  result, 

~  =  ®A')-  (5-7) 


Thus, 

=  E  L-L  Pr(;f5ld,v=S,v)Pr(a,v  =  e.v|.?:,,;^, . (5.S) 

<0=0  e  1=0  e A=0 

As  long  as  the  probability  of  symbol  error  is  always  less  that  1,  the  probabilities 
Pr(L’’)  and  Pr(V)  will  be  non-zero.  For  some  values  of  d/^,  the  joint  probability 
Pr(d^'  =  e/\,’,U,V)  may  equal  0.  In  such  a  case,  each  n,  denotes  the  largest  value 
of  e,  for  which  the  terms  of  the  sum  over  di  are  non-zero.  Thus,  in  the  following. 
Pr(l7Id,  =  e,),  Pr(I'^(d,  =  e,),  Pr((f,  =  Cj),  and  Pr(V^)  are  non-zero  for  all  e,  <  n,. 

It  is  first  shown  that  Pr(V’|d,-  =  e,-,d,*_i  =  e,*_])  is  monotonically  decreasing 
with  e,*.  The  probability  of  the  event  V  is  greater  than  zero  if  the  numbers  Ay^(7) 
satisfy  a  number  of  inequalities  corresponding  to  the  constraints 

m  =  (5.9) 
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These  inequalities  have  the  form 


l/2(A^3;(ii)  +  .^^^(12) H - —  A^>'/i(*i)  +  A/”;yfl(4) - (5.10) 

where  the  patterns  I’l,  22,  . . . ,  are  all  those  patterns  for  which  the  symbol  of  a 
given  codeword  Cam  equals  1  (so  Z  =  2"'^).  If  strict  inequality  holds  in  all  cases  then 
Pr(V)  =  1.  Otherwise,  0  <  Pr(V)  <  1.  If  one  or  more  of  these  strict  inequalities 
is  reversed,  PrCV")  =  0.  If  the  set  i'j,  to,  . . i'z  for  a  particular  inequality  does  not 
include  i*  +  2'^,  then  d,-  does  not  affect  this  inequality.  Otherwise,  an  increase  in 
d,-  causes  an  increase  in  the  right  hand  side  of  the  inequality.  For  a  given  set  of 
values  {^^yjiii')  Vi'  ^  i  +  2'^},  increasing  d,*  from  e,*  to  e,*  +  1  can  either  cause 
an  equality  to  be  true  where  previously  the  strict  inequaHty  held,  or  can  cause  an 
inequality  to  be  false  where  previously  an  equahty  held,  or  can  have  no  effect  on 
the  veracity  of  an  inequality.  In  all  C2ises,  PrCF)  either  decreases  or  is  unchanged. 
Thus,  summing  over  all  possible  values  of  A'y;^(2')  for  all  i'  <  2"^  and  i'  >  2’'^  +  i*, 
that  is,  aU  Ay^  not  included  in  the  vector  d,-,  gives 

Pr(r|d,-  =  e,..d,-_i  =  e,-_i) 

=  2:Pr(in.\W») . -  l).d,..,.rf,.  =  e,.) 

X  Pr(Vy„(0), . . . ,  . -  l)|d,.-i,d,-  =  e,-) 

>  j:Pr(V|Arj,„(0),, . .  ,A'j,„(.') . A'->,(2"+'  -  l),d,..,,<i,.  =  e,.  +  1) 

X  Pr(.Vj,„(0), . . .  . . .  ,AV„(2'"<+‘  -  l)|d,._, ,  d,.  =  £,.  +  1 ) 

>  Pr(V|d..  =  e,.  +  l,d.-_i  =  (5.11) 

Thus,  for  any  index  i,  dividing  both  sides  by  Pr(V)  gives 

Pr(F,d,  =  e,,d.-i  =  e,-i)  ^  Pr(V;  d,  =  e,  +  l,d,-i  =  e,-i) 

Pr(d,  =  e,,d,_i  =  e,_i)Pr(V')  “  Pr(d,  =  e,  +  l,d,-.i  =  e,_i)Pr(V) 

Pr(d,  =  e,,d,_]  =  e,_i|V')  ^  Pr(d,  =  e,  +  l,d,-i  =  e,_i|V)  ^  ^ 

- = -  ^ - = - .  (0.12) 

Pr(d,  =  e,,d,_i  =  e,_i)  Pr(d,  =  e,  +  l,d,_]  =  e,_i) 
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Since  this  ratio  is  monotonically  decreasing  with  e,,  there  are  three  possibilities 

>  1,  for  all  e,,  0  <  <  n,; 

<  1,  for  all  e,,  0  <  e,  <  n,;  (5.13j 

crosses  1,  for  some  Cj,  0  <  cj  <  nj, 

where  “crosses  1”  is  used  to  mean  that  it  is  greater  than  or  equal  to  one  for  e,  <  c, 

and  is  less  than  one  for  e,  >  c^.  A,(e,)  is  defined  as 

A,(e,)  =  Pr(d,  =  e,|y)  -  Pr(d,  =  e,).  (5.14) 

Because  the  probabilities  are  non-negative,  corresponding  inequalities  for  A,(e,  j 
can  be  found. 

’>  0,  for  all  e,,  0  <  e,  <  n,; 

A,(e,)  >  <  0,  for  all  Cj,  0  <  e,  <  n^;  (5.15) 

■  crosses  0,  for  some  Cj,  0  <  e,  <  n,. 

Thtis.  either  there  is  an  integer  c,  in  the  range  0  <  <  nj  such  that  A,(e, )  >  0  for 

e,  <  c,  and  A,(e,)  <  0  for  e,  >  c,,  or  else  A,(e,)  <  0  for  all  e,.  From  Eqn.  5.8. 

Pr(ril')  -  Pr(r)  =  ]^Pr(indA-  =  eA0(Pr(d,v  =  e,vlV’)  -  Pr(d,v  =  e^)).  (5.16) 

In  order  to  derive  a  recursion  expression,  the  general  form  of  a  single  summation  of 
Eqn.  5.16  is  considered, 

^Pr(Lnd.  =  e.)(Pr(d.  =  e,\V)  -  Pr(d.  =  e,))  =J2^T{U\d,  =  e.)A.(e.).  (5.17) 

e,  e, 

In  the  case  A,(e,)  >  0  for  some  e,  €:  (0, 1, . . .  ,n,),  this  sum  is  split  into  two  parts, 
^Pr(b^|ti,  =  ei,d,_i  =  e,_i)A,(e,)  =  ^  Pr(I7|d,  =  e,,d,_i  =  e,_i)A,(e,) 

*1  e,=0 

+  H  Pr(I71d,  =  e,,d,_i  =  e,_i)A,(e,). 

e,=c,  +  l 

(5.1S) 


Pr(d,  =  e,-,d,-i  =  e,-i|V) 
Pr(<i,  =  ei,d.  ,  =  e,_i) 


95 


Eqn.  5.11  also  holds  for  U,  so  for  e,  <  c,, 

Pr(l/|d,  =  ei,d,_i  =  e,_i)  >  Pr(i:^|d,  =  c,,d,_i  =  e,_i).  (5.19) 

For  e,  <  c,,  A,(e,)  >  0  by  definition.  Thus, 

Pr(I7|<i,  =  e,,d,_i  =  e,_i)A,(e,)  >  Pr(L’'|<i,  =  c„d,_i  =  e,_i)A,(e,).  (5.20) 

Similarly,  for  e,  >  c,, 

Pr(r|d,  =  e.,d,_i  =  e,_i)  <  Pr{U\d,  =  c.,  d,_i  =  e,_i).  (5.21) 

and  A,(e,)  <  0,  so  the  inequality  reverses  to  the  desired  direction.  Consequently, 
both  parts  of  the  sum  give  the  inequality  of  Eqn.  5.20.  so 

Pr(l/|d.  =  e.,d,_i  =  e._i)A.(e,)  >  Pr(f7|d,  =  c,,d,_i  =  e,_i)A,(e,) 

ei=0  ei=0 

>  Pr(L'id,  =  c,,d,_i  =  e,_i)  ^  A,(e,). 

e,=0 

(5.22) 

In  the  case  A,(e,)  <  0  for  all  e,  G  (0, 1, . . . ,  n,).  Eons.  5.20  and  5.22  hold  for  all  e, 
if  c,  is  chosen  to  be  0.  The  sum  over  e,  of  A,(e,)  is  found  from 

53  A,(e,)  =  53  Pr(d,  =  e,,d,_i  =  e,_ilV)  -  ^  Pr(d,  =  e,,  d,_i  =  e,_i) 

ei=0  «i=0  ei=0 

=  Pr(d,_i  =  e,_i[F)-  Pr(d,_i  =  e,_i) 

=  A._i(e._i).  (5.23) 

Thus, 

53Pr(^^l<^t  =  e..d._i  =  e,_i)A,(e,)  >  Pr(l'|(i,  =  c,.d,_]  =  e,_i  )A,_i(e,_i ). 

(5.24) 
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Now,  Eqn.  5.16  can  be  evaluated  as 


Pr(Cn^O  -  Pr(i7)  =  E  =  ejv,dA-.i  =  e;v-i )A;v(eA0 

€;V-1 

>  E  Pr(t^|dAr  =  C7V,  dAr_i  =  eA'_i)AAr_i(eA'_i) 
eyv-i 

>  ^  Pr(t/’'|dAr  =  CN,ds-\  =  CAr_i,djV_2  =  eAr_2)AA^_2(eA-_2) 

e/v-s 

>EPr(^^'^|dA-  =  CA-)Ao(eo) 

Co 

>  Pr(L'ld.v  =  c.v)E(P^(‘^o  =  ■  P’^^^o  =  ^o))-  (5.25) 

«o 

However, 

EPr(do  =  eolF)  =  EPr(^o  =  eo)  =  1,  (5.26) 

*0  eo 

SO  the  difference  in  the  last  line  of  Eqn.  5.25  is  zero,  giving  Pr(L’lV)  —  PrfT)  >  0. 
or 

Pr(.^lj;^,...,J-^^)>Pr(J5),  (5.27) 


5.4  Numerical  Evaluation  of  the  Probability  of  Correct 
Decoding 

The  product  given  in  Eqn.  5.5  is  evaluated  in  this  section.  The  sets  %'{jh)  are 
all  subsets  of  a  shifted  version  of  ip{C  +  K  —  1).  The  set  ?/’*  is  defined  to  be  the  set 
of  all  codewords  of  length  £  +  A*  —  1  which  first  return  to  the  zero  state  at  position 
j  =  £  +  A'  —  1,  namely  i/’(£  +  K  —  1).  To  find  the  bound  on  Pcijbo)^  each  codeword 


97 


Ca  €  is  mapped  into  Ca'  €  rp*  as  follows.  If  =  jg  +  2{C  +  K  -  1  -  jb^).  Co> 

is  the  codeword  for  which 


CAj's) 


0, 

CM  -  2(£  +  K  -  1  -  jbo)h 


<2(£  +  /v 

(5.2Sj 

;;>2(£  +  A'-l-j6o). 


Pc(jbo)  is  lower  bounded  by  the  probability  of  not  favoring  any  codewords  in  0*, 
given  a  probability  of  symbol  error  p^/  =  0  for  =1  to  2(£  +  /\  —  1  —  jjg),  and 
pj>  =  pj,  for  j'  =  2(£  +  J'r-j4o)-l  to.;'  =  2(£  +  7\ -1)  (i.e.,  a  shift  of  £  +  A'-l-7io 
bits  or  2(£  -I-  A'  —  1  —  jb^)  symbols).  With  this  bound,  the  bit  position  jb  is  only 
needed  to  determine  the  probabilities  of  symbol  error  at  each  symbol  position  j'. 
so  Pq{pi,P2,  . . . ,  P2(C+K-i))  used  to  indicate  the  bound  on  PcUb)  with  the 

given  pattern  of  symbol  error  probabilities.  This  is  a  slight  shift  of  notation,  as  Pq 
is  a  function  of  the  probabilities  of  symbol  error,  while  Pc  is  a  function  of  position. 

An  empirical  result  leads  to  a  reduction  in  the  number  of  codewords  that  must 
be  considered.  It  heLS  been  found  that  with  very  high  probability,  the  survivor  paths 
merge  within  4  or  5  constraint  lengths  in  the  peist  [30],  [10].  In  other  words,  at  any 
position  jb,  the  survivor  paths  5^"’^  for  all  states  S  will  be  equal  from  positions  1  to 
jb  —  i,  where  i  is  a  random  variable  that  depends  upon  the  error  pattern  occurring 
in  the  received  sequence,  but  is  less  than  5  constraint  lengths,  or  35  bits,  with  very 
high  probability.  Therefore,  if  the  all  zero  path  is  replaced  as  a  survdvor  at  position 
jb  by  some  path  Va’'\  then  with  very  high  probability  this  path  is  identical  to  Vq 
for  all  positions  prior  to  jb  —  34.  Thus  xp*  can  be  hmited  to  those  codewords  which 
are  in  the  zero  state  at  all  positions  except  for  positions  from  £  +  A'  —  35  to 
£  + A'  -  1. 


Pc{jb)  is  a  monotonic  function  of  the  probability  of  symbol  error.  Therefore, 
the  bound  on  this  probability  can  be  bracketed  by  considering  the  maximum  and 
minimum  probability  of  symbol  error  to  occur  during  the  interval  from  bit  positions 
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—  35  to  =  £  +  A'  —  1.  This  reduces  the  problem  to  one  of  evaluating 
PciP'^1  •  •  ■  iP2(£+A'-i))  with  a  constant  probability  of  symbol  error  p.  For  simplicity, 
this  is  denoted  by  Pq(p)- 

Pcip)  is  found  by  considering  the  weight  structure  of  the  code  being  used.  For  a 
constant  probability  of  symbol  error  p,  the  probability  that  a  codeword  Ca  of  weight 
i  is  favored  is  equal  to  Pi(p),  which  is  simply  the  probability  that  more  than  half  of 
the  i  non-zero  symbols  of  Ca  are  in  error  [51]. 


Pr(:F„)  =  P.(p)  = 


E 

e=(i+l)/2 


i  odd; 


if-' 

2  V'/2, 


_  p)-/2  +  (;)p'(i-p)-«,  . 

e=x/2+l 


even. 


(5.29) 


Let  al  be  the  number  of  codewords  with  a  single  return  to  zero  which  are  of  weight 
i  and  which  spend  a  total  of  j  or  fewer  bits  out  of  the  zero  state,  as  in  [51].  The 
niimber  of  codewords  in  ?/’*  of  weight  i  is  equal  to  ap.  Also,  there  are  at  most  70 
symbols  during  which  a  codeword  in  b'*  can  be  non-zero,  so  =  0  for  i  >  70.  For 
a  constant  symbol  error  rate  p,  Eqn.  5.5  reduces  to 


70 


Pc(p)  =  n(i--p.(p))“‘'- 


(5.30] 


1=1 


As  described  in  [51],  aj,  can  be  found  by  representing  the  encoder  as  a  signal 
flow  graph  and  finding  the  transfer  function  T{D,L,N)  of  this  graph.  Using  the 
example  of  the  K  =  3  code,  T{D,  L,  N)  is  found  by  modifying  the  state  diagram  of 
Fig.  5.1  as  follows.  Split  the  zero  node  into  a  source  node  and  a  sink  node.  Assign  a 
gain  of  LN^D'’  to  the  transitions,  where  0  is  the  weight  of  the  input  bit  (i.e..  0  for 
a  0,  1  for  a  1),  and  7  is  the  weight  of  the  output  bit  (i.e.,  0  for  00,  1  for  01  or  10.  and 
2  for  11).  For  a  path  (codeword)  of  length  a'  with  0'  ones  in  the  input  bits  and 
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I  q!  t 

ones  in  the  output  symbols,  the  product  of  the  transition  gains  is  L°  A' ■  D'  .  The 
modified  state  diagram  is  given  in  Fig.  5.2.  Summing  together  all  possible  paths 
from  the  source  to  the  sink  will  give  the  overall  gain  of  the  network,  TiD,L,  X). 
For  example,  for  the  rate  1/2,  K  =  3  code,  this  is 

T(D, I, N)  =  D^L^N  +  D^L\l  +  L)N^  + ...  +  +  ..  (5.31) 


This  gain  can  be  found  directly  from  the  modified  state  diagram  by  solving  the 
set  of  linear  equations  giving  the  dependencies  between  the  nodes.  In  the  simple 
example,  T{D,  L,  N)  is  found  directly  as 


T(D,I,iV) 


D^L^N 

1-  DL{1  +  L)N' 


(5.32) 


Because  a  single  bit  error  and  many  bit  errors  have  the  same  effect  of  causing  the 
packet  to  be  unsuccessful,  N,  the  number  of  ones  in  the  input  bits,  is  irrelevant. 
Setting  N  equal  to  1  gives 


T(D,L) 


1  -  DL{1  +  !)■ 


(5.33- 


The  number  aj  is  equal  to  the  sum  of  the  coefficients  of  all  terms  of  T(D.L)  for 
which  the  exponent  of  D  is  i  and  the  exponent  of  L  is  less  than  or  equal  to  j. 
Unfortunately,  the  calculation  of  T{D,L)  is  very  difficult  for  the  higher  constraint 
length  codes.  However,  ap  is  bounded  by  a,  =  limj_oo  a^,  and  the  terms  a,  can  be 
found  from  the  simpler  transfer  function  T(D),  defined  as 


T{D)  =  T{D,L)\l=i. 


(5.34) 


If  a  series  expansion  for  T{D)  is  known,  the  terms  a,  can  be  found  from 

OO 

T{D)  =  Y,a,D\  (5.35) 

»=i 
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Typically,  for  larger  constraint  lengths,  such  as  the  K  =  1  code,  the  first  few 
coefficients  aj  are  found  by  inverting  the  numerical  matrix  resulting  for  a  specific 
\-alue  of  D,  and  fitting  a  polynomial  to  the  resulting  function  T{D).  However,  this 
method  w^ould  require  extreme  accuracy  to  find  for  moderate  values  of  i. 

By  solving*  the  set  of  linear  equations  consisting  of  polynomials  of  D,  an  exact 
expression  is  found  for  T{D).  The  expression  is  a  ratio  of  polynomials,  whose 
numerator  and  denominator  are  given  by 

Numerator=llD^o  -  6D^-  -  25D^*  +  -  176D-  -  76D-^  + 

243D"®  +  417D-®  -  22SZ)®°  -  -  49£)®^  +  2795D®®  +  611D®®  -  5S41D'‘°  - 

1094D^-  +9575D^4  +  1097r>^®  - 1 1900£>‘‘®  -  67SD®°  + 1 121SI>“ + 235I>®‘‘  -  806SD®®  - 
181)58  ^  44291)60  _  +  8Z>®®  +  562^®®  -  i)'°  - 1201) +  16D‘®  -  D®° 

Denominator=l  -  4l>2  -  6D'‘  -  30D®  +  40D®  +  85D’°  -  81D^2  _  345^14  +  262D’®  + 
844D^®  -  4031)20  -  16011)22  ^  2671)24  ^  25091)2®  ^  3592)28  _  3064Z)®®  -  27511)22  + 
28071)2^  +  83  441)26  _  igQQf)i&  _  161331)^°  +  1184D^2  ^  217461)^^  -  7S2D^®  - 
214031)^®  +  561D®°  +  15703D®2  -  331D®'‘  -  87GGD®®  +  131Z)®®  +  3GG2D®"  -  30D®2  - 
1123i)®^  +  3D®®  +  240D®®  -  32D'-  +  2D'® 

The  fraction  is  expanded  by  using  the  identity 

— ^ —  =  l  +  x+i2  +  x2  +  --  -  (5.3G) 

1  -  X 

Each  term  of  this  expansion  is  itself  a  polynomial  of  D.  The  exact  coefficients  are 
calculated  out  to  D®®.  Multiplying  by  the  numerator  gives  the  exact  coefficients  a, 
of  r(D)  =  HQiD'  for  i  <  70.  The  non- zero  coefficients  to  ten  digits  accuracy  are 
listed  below. 

*This  is  accomplished  by  using  the  M  ACSYM  A  (©1976,  1983  Massachusetts  Institute  of  Technology. 
©1983  Symbolics,  Inc.)  symbolic  manipulation  program. 
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Coefficients  a, 


i 

Oi 

i 

a, 

i 

1 

1 

10 

11 

32 

1409277901 

54 

2.912797332  x  10*^ 

-1 

12 

38 

34 

8034996288 

56 

1.660510362  x  10*® 

14 

193 

36 

4.580875611  x  10^® 

58 

9.466139591  x  10*® 

16 

1331 

38 

2.611287754  x  lO" 

60 

5.396401324  x  10*^ 

18 

7275 

40 

1.488634502  x  10*- 

62 

3.076348764  x  10*° 

20 

40406 

42 

8.486419243  x  10*- 

64 

1.753746820  x  10"* 

22 

234969 

44 

4.837861791  x  10*^ 

66 

9.997656840  x  10^* 

24 

1337714 

46 

2.757937903  x  10*“ 

68 

5.699405471  x  10^2 

26 

7594819 

48 

1.572231420  x  10*® 

70 

3.249083581  x  lO^® 

28 

43375588 

50 

8.962880896  x  10*® 

30 

247339453 

52 

5.109505443  x  10*® 

. 

Given  these  coefficients  Qi,  Pcip)  can  t»e  bounded  by  Pc{p)^  where 

70 


Pcip)  >  Pcip)  =  11(1  -  F.(p))“-.  (5.37j 

1=1 


5.5  Memoryless  Approximation 

The  overall  bound  on  the  probability  of  success  is  denoted  by  Ps-  Also,  is 
the  maximum  probability  of  symbol  error  occurring  during  symbol  positions  js  —  69 
to  jj,  and  p~  is  the  minimum.  Because  j,  = 

C+K-\  £+A'-l 

n  Pc{P2j,)>Ps>  n  Pciptj,)-  (5.3S) 

Jk=h'  Jb=I< 
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A  true  lower  bound  on  Ps  is  found  by  using  .  However,  a  very  complicated 
network  model  would  be  required  to  keep  track  of  this  maximum.  Also,  it  can  be 
shown  that  although  the  channel  state  may  vary  widely  during  a  packet  of  1000 
to  4000  bits,  the  state  will  be  nearly  constant  over  the  decoder  memory  of  35  bits. 
The  time  between  network  state  transitions  is  exponentially  distributed.  The  rate 
is  equal  to  the  sum  of  the  rates  of  the  transitions  leaving  a  given  state.  For  the 
infinite  population  model,  this  is  A  +  Xfi.  Normalizing  to  p  gives  a  rate  of  G  4-  X. 
Even  for  X  as  large  as  50  and  G  as  large  as  50,  the  maximum  rate  is  less  than 
100.  For  a  mean  packet  size  of  1000  bits,  this  rate  corresponds  to  a  mean  holding 
time  of  10  bits.  For  the  finite  population  model,  the  rate  is  (M  —  X  —  R)X  4-  A'p- 
Also,  from  the  numerical  results  it  is  seen  that  the  maximum  throughput  is  almost 
always  achieved  with  a  traffic  rate  g*  less  than  or  nearly  equal  to  1.0,  so  for  every 
state  (X,P),  the  transition  rate  is  bounded  by  JV/p.  For  a  mean  packet  length 
1/p  =  1000  bits,  this  gives  a  mean  holding  time  of  at  least  33  bits  for  M  =  30. 
Furthermore,  when  the  performance  is  limited  by  channel  errors,  which  is  the  only 
CcLse  for  which  the  approximations  have  any  effect,  the  throughput  is  maximized  by 
a  p*  <<  1.0.  For  g  in  this  range,  the  mean  holding  time  is  close  to  or  greater  than 
about  35  bits  for  all  states  with  a  large  steady  state  probability,  even  for  networks 
as  large  sis  Af  =  60.  This  suggests  that  a  good  approximation  to  the  lower  bound 
on  Ps  is 

£+A'-l  ^  £ 

Ps  ^  n  ^c(P2jt)  ^  ]J  PciP2n}-  (5.39) 

jt=A'  jj=l 

where  p2j^  is  the  current  value  of  the  probability  of  symbol  error  at  bit  position 
/j.  For  a  mean  packet  length  of  1000  bits,  the  effect  of  the  offset  of  K  —  1  bits  is 
negligible,  so  the  packet  can  be  assumed  to  be  of  total  length  £,  and  the  product 
can  be  taken  over  bits  jt  =  1  to  £.  The  result  of  Eqn.  5.39  is  both  memoryles.^; 
and  independent  from  bit  to  bit,  so  the  error  process  can  be  modeled  as  a  time 
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varying  Bernoulli  process  for  which  the  parameter  at  each  position  is  Pc{P2]i,)-  The 
simulation  described  in  Appendix  B  was  used  to  verify  this  approximation.  As 
discussed  in  the  next  section,  the  error  in  the  capacity  C  weis  found  to  be  less  than 
5%. 


5.6  Coded  Channel  Results 

For  comparison  to  the  results  for  the  uncoded  channel  given  in  Chapter  4. 
the  received  power  is  stated  in  terms  of  Ei,/No.  The  symbol  energy  is  simply 
E^/Nq  =  l/2(£'fc/Ao)  for  the  rate  1/2  code  used.  Again,  results  are  for  a  mean 
packet  length  l//i  of  1000  bits. 

In  Fig.  5.3,  the  throughput  and  probability  of  success  are  plotted  for  the  infinite 
population  model  with  the  coded  channel,  Eb/No  =  8.0  dB,  N  =  32.  The  through¬ 
put  is  similar  to  the  plot  for  the  uncoded  channel,  but  the  maximum  is  achie\-ed 
at  G*  which  gives  a  much  higher  probability  of  success.  As  discussed  in  §4.1.4.  the 
coded  channel  does  better  under  the  criterion  of  maximum  normalized  throughput 
achiev’able  with  a  constraint  of  a  minimum  value  of  P5.  This  is  shown  in  Table  5.1. 
which  compares  the  coded  narrowband  {N  —  1)  and  SSMA  {N  =  32)  channels. 
The  narrowband  coded  channel  is  penalized  by  the  code  rate  of  1/2,  and  so  does 
worse  than  the  uncoded  channel.  Even  with  the  normalization  by  IF,  the  SSMA 
channel  clearly  outperforms  narrowband  channel. 

The  normalized  throughput  versus  normalized  traffic  is  plotted  for  the  infinite 
population  model  in  Fig.  5.4.  This  is  similar  to  the  plot  for  the  uncoded  channel, 
but  for  the  same  spreading  factor  W,  a  higher  capacity  is  achieved  with  the  coded 
channel.  Furthermore,  the  received  power  of  Eb/No  =  8.0  dB  is  lower  than  the  10.0 
dB  used  for  the  uncoded  channel  results. 
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Throughput  S 


Traffic  Rate  G 


Fig.  5.3  Throughput  and  probability  of  success  versus  traffic  rate,  infinite  popu¬ 
lation,  coded  channel. 


106 


Probability  of  Success  Ps 


Minimum  Ps 

Narrowband 

SSMA 

0.90 

0.0229 

0.0331 

0.95 

0.0120 

0.0296 

0.99 

0.00248 

0.0202 

Table  5.1.  Maximum  throughput  with  constrained  Ps,  coded  narrowband  and 
SSMA  channels. 

The  capacity  C  and  normalized  capacity  C /W  are  plotted  as  a  function  of  the 
chips  per  symbol  N  {W  =  2N)  for  several  values  of  Ei,/No  in  Figures  5.5  and  5.6. 
respectively.  Again,  these  plots  are  similar  to  the  results  for  the  uncoded  channel, 
but  the  capacities  are  higher. 

Results  for  the  performance  of  the  finite  population  network  with  a  coded  chan¬ 
nel  are  given  in  the  next  figures.  Fig.  5.7  shows  the  capacity  as  a  function  of  offered 
traffic  for  Eb/No  =  8.0  dB,  and  for  several  values  of  N.  Also  shown  are  the  re¬ 
sults  from  simulation  which  give  the  throughput  found  using  p^,  pj,  and  pj.  as  in 
Eqn.  5.38,  for  the  N  =  32,  N  =  64,  and  N  =  256  curves.  The  95%  confidence 
inter\’al  for  each  of  these  points  has  a  width  of  2%  to  3%  of  the  values  found,  indi¬ 
cated  by  a  small  vertical  line  through  each  point.  When  using  pj,  the  simulation  is 
modeling  the  exact  same  case  as  modeled  by  the  analysis.  As  hoped,  the  analytical 
results  are  within  the  confidence  intervals  for  all  these  points.  Furthermore,  the 
analytical  results  are  within  5%  of  the  upper  and  lower  bounds,  and  the  results  are 
much  closer  near  the  peak.  In  the  czise  N  =  256,  the  channel  errors  are  negligible, 
so  there  is  virtually  no  difference  between  the  three  cases  simulated. 

The  capacity  C  is  plotted  as  a  function  of  the  number  of  chips  per  bit  A'  for 
several  values  of  Eb/No  in  Fig.  5.8.  Several  effects  are  indicated  by  these  curves.  At 
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Normalized  Throughput  S/W 


.060 


Eb/No  =  8.0dB 


Fig.  5.4  Normalized  throughput  versus  normalized  traffic  rate,  infinite  population, 
coded  channel. 
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Capacity  versus  spreading  factor  and  received  power,  infinite  population, 
coded  channel. 
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Fig.  5.6  Normalized  capacity  versus  spreading  factor  and  received  power,  infinite 
population,  coded  channel. 
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Fig.  5.7  Throughput  versus  traffic  rate,  finite  population,  coded  channel. 
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Fig.  5.8  Capacity  versus  spreading  factor  and  received  signal  power,  finite  popu¬ 
lation,  coded  channel. 
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low  values  of  A^  capacity  is  limited  by  the  combination  of  interference  and  thermal 
noise,  i.e.,  the  channel  errors.  At  higher  N,  the  effect  of  interference  becomes  small. 
Indeed,  because  the  network  size,  and  thus  X,  is  finite,  in  the  limit  ais  iV  — >  oc.  the 
symbol  error  rate  for  all  values  of  X  will  approach  Pe,symboli^)^  the  performance  with 
no  interference  for  the  given  Eb/Na.  This  asymptotic  capacity  was  calculated,  and 
found  to  be  2.10  for  Eb/No  =  5.0  dB,  and  3.41  for  Et/No  =  6.0  dB.  For  Eb/No  >  8.0. 
with  large  N,  the  capacity  is  limited  by  the  receiver  availability  rather  than  by  the 
effect  of  channel  errors,  so  the  asymptotic  capacity  is  equal  to  the  same  value  of 
3.50  for  all  F’j/A'o  >  8.0  dB.  Furthermore,  this  value  is  reached  at  moderate  values 
of  N,  as  can  be  seen  in  the  figure. 

There  appears  to  be  only  a  small  difference  between  the  cur\'es  for  Eb/Xo  >  8.0 
dB.  However,  for  a  fixed  value  of  N  which  is  below  the  knee  of  the  curves,  there 
actually  is  a  significant  improvement  for  higher  Eb/Xo-  This  effect  is  hidden  by  the 
steepness  of  the  curves.  For  example,  at  X  =  32,  the  capacity  for  £6/A*o  =  8.0  dB  is 
1.94,  while  the  capacity  for  Eb/No  =  12.0  dB  is  2.86.  This  becomes  more  significant 
for  larger  network  sizes  M,  for  which  the  knee  of  the  curve  occurs  at  higher  values 
of  N .  In  this  case,  it  is  quite  concei\'able  that  system  constraints  would  limit  A’ 
to  values  below  this  knee,  so  the  performance  can  be  improved  by  increaising  the 
power  to  give  Eb/No  well  above  8.0  dB.  Of  course,  for  very  large  Eb/No.  the  thermal 
noise  is  negligible,  so  the  performance  for  Eb/No  =  20.0  dB  is  almost  identical  to 
the  performance  for  the  case  of  no  thermal  noise. 

Fig.  5.9  shows  the  improvement  due  to  FEC  coding.  The  capacity  C  versus 
Eb/No  is  plotted  for  the  coded  channel  with  32  and  256  chips  per  symbol,  and 
for  the  uncoded  channel  with  64  and  512  chips  ber  bit.  The  different  spreading 
factors  were  chosen  to  give  the  same  overall  bandwidth  expansion  H’.  At  the  higher 
spreading  factors,  the  use  of  coding  gives  a  power  savings  of  about  3.0  dB.  At  lower 
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Capacity  C 


Received  E^/Nq  (dB) 


Fig.  5.9  Capacity  versus  received  signal  power  with  and  without  FEC  coding. 
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spreading  factors,  even  with  3.0  dB  higher  power,  the  uncoded  channel  cannot 
support  as  high  a  throughput  as  the  coded  channel.  For  the  limiting  case  when 
the  thermal  noise  density  is  zero  {Ef,/NQ  =  oo),  with  W  =  64,  the  capacity  is  2.23 
for  the  uncoded  channel  and  is  3.25  for  the  coded  channel.  Therefore,  ais  expected, 
the  use  of  FEC  coding  results  in  a  significant  improvement  in  performance,  except 
when  the  performance  of  the  uncoded  system  is  limited  by  receiver  a^'ailability. 

The  effect  of  receiver  availability  is  shown  explicitly  in  Fig.  5.10  for  the  coded 
channel,  with  Ek/No  =  8.0  dB.  Results  are  similar  to  those  for  the  imcoded  channel. 
However,  for  the  coded  channel,  the  limiting  value  is  reached  at  a  lower  .V  and  the 
plateau  is  flatter.  Thus,  the  capacity  for  W  =  500  is  higher  for  the  coded  channel 
with  Eb/No  =  8.0  dB  than  for  the  uncoded  channel  with  Ei,/Nq  =  10.0  dB. 

In  Fig.  5.11,  the  network  capacity  C  and  user  capacity  C/M  are  plotted  versus 
M  (for  even  values  of  M)  for  the  coded  channel,  Eb/No  =  8.0  dB.  for  .V  =  32  and 
N  =  256.  For  smaller  iV,  the  performance  becomes  limited  by  the  channel  at  low 
values  of  M.  The  network  capacity  flattens  out  above  M  w  15,  so  the  user  capacity 
goes  roughly  as  1/M.  In  the  case  of  the  coded  channel,  with  N  =  256,  the  system  is 
not  limited  by  the  channel  errors  except  for  M  ss  60.  For  this  \’alue  of  .V.  the  user 
capacity  is  roughly  constant,  except  for  veiy^  small  M,  and  is  seen  to  approach  the 
value  of  0.172  found  by  Sousa  and  Silvester  [47],  which  was  referred  to  in  §4.2.3.  As 
M  increases  above  60,  the  performance  will  be  limited  by  the  channel  errors,  and 
the  network  capacity  will  flatten  out. 

The  performance  of  a  channel  load  sense  system  with  a  coded  channel  is  shown 
in  Fig.  5.12  for  a  network  size  M  =  20.  Because  this  channel  is  better  than  the 
uncoded  channel  considered  in  the  last  chapter,  the  capacity  continues  to  increase  as 
K  increases  to  5.  This  is  shown  more  clearly  in  Fig.  5.13,  which  plots  the  capacity 
C  as  a  function  of  K  for  several  values  of  N.  Again,  for  low  spreading  factors. 
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Fig.  5.10  Capacity  versus  spreading  factor  and  network  size,  coded  channel. 
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Fig.  5.11  Network  capacity  and  user  capacity  versus  network  size,  coded  channel. 
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Fig.  5.13  Capacity  versus  channel  load  sense  point,  zero  propagation  delay,  coded 
channel. 
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the  improvement  can  be  significant,  but  the  improvement  is  only  minor  for  larger 
spreading  factors.  Also,  the  improvement  degrades  for  non- zero  propagation  delay. 
Eis  shown  in  Fig.  5.14. 


5.7  Summary 

In  this  chapter,  a  bound  on  the  probability  that  a  packet  is  successfully  decoded 
was  foimd  for  a  system  with  vaiy'ing  probability  of  symbol  error.  This  bound 
was  then  approximated  by  considering  the  maximum  and  minimum  probability 
of  symbol  error  occurring  over  an  inter'val  of  35  bits.  The  approximate  bound  was 
e\'aluated  numerically  as  a  finite  product.  Because  the  network  state  changes  slowly 
over  an  inter\‘al  of  35  bits,  especially  for  the  finite  population  models,  the  probability 
of  correct  decoder  decision  can  be  approximated  as  a  memoryless  function  of  the 
current  channel  state.  This  allows  the  overall  network  model  to  be  used  for  a  system 
with  FEC  coding. 

Numerical  results  demonstrated  the  improvement  due  to  the  use  of  FEC  coding. 
Comparing  the  results  of  Chapter  4  for  the  uncoded  channel  with  an  Eb/No  of 
10.0  dB  to  those  presented  in  this  chapter  with  a  lower  Ej/Aq  of  8.0  dB.  for  the 
same  spreading  factor  W,  the  coded  channel  throughput  is  tiniformly  better  than 
the  uncoded  channel  throughput.  Also,  qualitatively,  the  results  for  coded  channel 
approach  the  limiting  values  at  lower  spreading  factors  or  received  powers,  and  come 
closer  to  the  limiting  values.  In  other  words,  for  the  coded  channels,  the  knees  of 
the  curves  occur  sooner  and  are  sharper,  and  the  plateaus  are  flatter  than  for  the 
uncoded  channels.  As  was  found  for  the  uncoded  ch^lnnel,  the  use  of  channel  load 
sensing  improved  the  capacity,  especially  for  low  spreading  factors,  but  had  little 
effect  for  the  case  of  larger  spreading  factors  or  for  moderate  propagation  delays. 
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Fig.  5.14  Capacity  versus  propagation  delay,  channel  load  sensing,  coded  channel. 


Because  many  actual  networks  make  use  of  FEC  coding,  it  is  important  to 
analyze  the  performEince  of  a  system  with  a  coded  channel.  The  approximations 
presented  in  this  chapter  allowed  the  network  throughput  and  capacity  to  be  found 
for  such  systems.  This  allowed  numerical  results  to  be  found,  which  indicated  the 
qualitative  and  quantitative  differences  between  the  coded  and  uncoded  channels. 
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Chapter  6 


Preamble  Synchronization 


Thus  far.  it  has  been  assumed  that  all  packets  are  acquired  with  probability 
one.  In  this  chapter,  an  accurate  model  of  the  acquisition  process  is  derived.  The 
task  of  acquiring  a  packet  consists  of  detecting  the  presence  of  the  packet  and  syn¬ 
chronizing  the  local  replica  of  the  spreading  code  to  the  code  used  in  transmission. 
The  packets  are  prefaced  by  a  preamble,  which  is  a  known  sequence  of  chips  with  no 
data  modulation.  The  detection  and  synchronization  processes  must  be  completed 
by  the  end  of  the  preamble  for  acquisition  to  occur. 

The  performance  of  the  synchronization  circuit  is  analyzed  using  techniques 
from  the  study  of  radar  systems,  as  the  task  is  to  accurately  detect  the  presence  or 
absence  of  a  signal  that  is  received  along  with  noise  and  interference.  The  funda¬ 
mental  trade-olf  is  between  the  probability  of  missing  a  packet  versus  the  probability 
of  erroneously  indicating  the  presence  when  no  packet  is  being  received.  For  a  given 
synchronization  scheme,  the  relationship  between  the  probability  of  detection  and 
the  probability  of  false  alarm  is  a  function  of  the  thermal  noise,  the  interfering 
signals,  the  received  signal  power,  and  the  integration  time.  Therefore,  the  prob- 
abnities  of  detection  and  of  false  aJarm  depend  upon  the  history  of  the  network 
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ctate,  in  particular,  on  A’,  during  the  preamble.  These  probabilities  in  turn  affect 
P{Ij.(X.  R),  the  overall  probability  that  a  packet  is  received,  and  therefore  affect  the 
evolution  of  the  network  states. 

The  model  of  the  system  including  synchronization  is  discussed  in  §6.1.  The 
analysis  of  the  synchronization  process  can  be  broken  down  into  two  parts.  The  first 
part  is  a  determination  of  the  detection  and  the  false  alarm  probabilities  as  a  func¬ 
tion  of  the  network  state  throughout  the  preamble.  By  bounding  the  interference 
level,  bounds  on  the  probabilities  can  be  found.  In  §6.2.  the  approximate  detection 
and  false  alarm  probabilities  are  determined  from  the  level  of  interference  through¬ 
out  the  preamble.  With  the  approximate  model,  the  probabilities  are  a  function  of 
the  average  value  of  the  interference  over  the  interval  of  correlation.  The  derivation 
relies  heavily  on  work  done  by  Polydorous  and  Weber  [36].  The  second  part,  given 
in  §6.3.  is  an  analysis  of  the  evolution  of  the  network  during  the  reception  of  the 
preamble.  Finally,  numerical  results  for  throughput  are  given  in  §6.4. 


6.1  Introduction 

There  are  a  number  of  variables  which  affect  the  success  of  the  preamble  syn¬ 
chronization  process.  For  this  rejison.  an  exact  analysis  would  require  a  greatly 
expanded  state  space,  which  included  all  the  necessaiy-  \ariables.  Furthermore,  the 
model  would  no  longer  be  Markovian,  both  because  the  preamble  is  of  fixed  length 
and  because  for  some  variables  it  is  the  evolution,  not  just  an  instantaneous  value, 
which  affects  the  synchronization.  Nevertheless,  by  considering  these  variables  in¬ 
dependently  for  each  packet,  their  probability  distributions  can  be  found  given  the 
network  state  {X,R)  at  the  start  of  the  packet  transmission.  This  will  allow  the 
determination  of  an  accurate  average  probability  that  a  packet  is  received.  A  fur¬ 
ther  approximation,  needed  to  retain  the  Markovian  nature  of  the  network  model. 
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is  that  the  packet  lengths  are  exponential,  even  though  this  length  includes  a  fixed 
length  preamble.  This  can  be  considered  to  be  an  approximation  to  a  system  in 
which  the  c.d.f.  of  the  packet  lengths  is 

[0  T<Tp-, 

W=  ,  (1) 

where  Tp  is  the  preamble  length.  If  fxTp  <<  1,  then  the  difference  between  this 
distribution  and  a  true  exponential  distribution  will  be  negligible.  The  resulting 
nvunber  Pjix{X,R)  cannot  account  for  the  correlation  from  packet  to  packet,  nor 
can  it  accoimt  for  the  correlation  with  the  event  that  there  are  no  trauonnssion 
errors.  Even  so,  to  a  good  approximation,  these  events  are  independent,  so  the 
average  value  is  sufficient.  The  approximate  model  has  been  verified  by  means  of  a 
simulation  model,  described  in  Appendix  B. 

Because  the  network  state  specifically  indicates  neither  the  number  of  radios 
which  are  busy  transmitting  preambles  rather  than  data,  nor  the  number  of  radios 
receiving  preambles,  the  exact  meaning  of  the  network  state  {X,  R)  can  be  inter¬ 
preted  in  several  ways.  In  this  chapter,  the  state  X  is  defined  as  being  the  number 
of  radios  which  are  transmitting  either  a  preamble  or  data.  In  the  actual  network,  a 
radio  would  not  be  counted  as  receiving  until  the  end  of  the  preamble,  at  which  time 
it  can  be  determined  whether  or  not  the  packet  is  acquired.  However,  in  the  Marko¬ 
vian  model,  it  is  necessary  that  the  number  of  receivers  changes  at  the  same  time 
as  the  number  of  transmitters.  Therefore,  the  approximation  is  made  that  a  radio 
is  coimted  as  receiving  at  the  start  of  the  preamble,  ,4s  a  result.  R  is  defined  as  the 
number  of  radios  which  are  receiving  the  data  portion  of  a  packet,  plus  the  number 
of  radios  which  are  receiving  the  preamble  portion  of  a  packet  that  they  will  even¬ 
tually  acquire.  However,  R  does  not  include  radios  which  are  attempting  to  acquire 
a  packet  but  do  not  do  so  successfully,  nor,  for  a  system  with  space-homogeneous 


preamble  code  assignment,  does  it  include  radios  which  are  synchronizing  to  the 
preamble  of  a  packet  that  is  not  destined  for  them.  These  latter  events  will  cause 
the  destination  to  be  busy,  and  could  cause  a  packet  to  be  missed,  but  they  are 
accounted  for  separately.  The  true  probability  of  reception  is  a  function  of  events 
throughout  the  preamble.  In  the  model,  the  state  transition  takes  place  at  the 
start  of  the  preamble,  and  so  it  depends  upon  events  in  the  future.  However,  the 
approximate  model  assumes  that  each  packet  is  received  or  not  as  a  function  of 
the  average  evolution  of  the  network  throughout  the  preamble,  not  as  a  function 
of  the  specific  evolution  encountered  bv  the  packet.  Consequently,  at  the  network 
level,  the  state  {X.  R)  is  sufficient  to  determine  the  transition  probabilities,  so  the 
Markovian  nature  of  the  model  is  retained. 

The  simplest  synchronization  circuit  implements  a  statistical  decision.  \  ran¬ 
dom  %'ariable.  resulting  from  integrating  the  received  signal,  is  compared  to  a  thresh¬ 
old.  If  the  r.v.  exceeds  the  threshold,  the  detection  circuit  indicates  that  a  packet 
is  present,  and  gives  the  rough  time  offset.  This  triggers  the  receiver  to  begin  the 
various  tasks  of  fine  level  chip  synchronization  and  tracking,  carrier  synchronization 
and  tracking,  decoder  initialization,  etc.,  in  order  to  receive  the  packet.  While  the 
receiver  is  busy  executing  these  tzisks,  it  is  unable  to  receive  any  other  packets. 

When  a  packet  is  not  detected,  a  miss  is  said  to  occur.  Conversely,  when  a 
packet  is  indicated  even  though  none  is  in  fact  present,  a  false  alarm  is  said  to 
occur.  The  performance  of  the  detection  circuit  is  given  in  terms  of  the  probability 
of  detection,  Pd,  and  the  probability  of  false  alarm  Pfa.  Ideally,  every'  packet  would 
be  detected,  i.e.,  P^  =  1,  and  there  would  never  be  any  false  aleirms,  i.e.,  Pfa  =  0. 
However,  both  probabilities  are  increasing  ftinctions  of  the  threshold,  so  for  a  given 
synchronization  circuit  a  higher  P^  can  only  be  achieved  at  the  expense  of  a  higher 
Pfa.  If  a  packet  is  missed,  it  cannot  be  received,  so  the  penalty  of  a  low  P^  is  that 
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a  fraction  of  receivable  packets  are  unsuccessful  because  they  are  not  detected.  If 
a  false  alarm  occurs,  the  receiver  circmtr\'  becomes  busy  for  an  interval  of  time 
during  which  it  is  said  to  be  in  a  false  lock  state.  The  receiver  cannot  receive  any 
packets  arriving  while  it  is  in  false  lock.  As  Pfa  increases,  the  fraction  of  time  spent 
in  false  lock  increases,  causing  more  packets  to  be  unsuccessful,  so  a  high  Pfa  also 
ultimately  leads  to  unsuccessful  packets.  Therefore,  for  the  basic  synchronization 
circuit,  there  is  an  optimum  threshold  setting  which  will  maximize  Pjij.{X.R). 

The  task  of  synchronizing  to  the  RF  carrier  of  a  spread  spectrum  signal  is  very 
difficult.  It  is  actually  easier  to  synchronize  to  the  spreading  code  first,  despread  the 
signal,  and  then  synchronize  to  the  resulting  narrowband  carrier  [49].  Consequently, 
the  chip  synchronization  is  non-coherent,  meaning  that  the  phaise  of  the  received 
signal  is  unknovTi.  From  texts  on  radar  systems,  such  as  DiFranco  and  Rubin  [13]. 
the  optimum  detector  for  such  a  signal  is  the  I-Q  (in-phase  and  quadrature)  receiver 
shown  in  Fig.  6.1.  Separate  correlation  circuits  compare  the  in-phase  (cosine)  and 
quadrature  (sine)  components  of  the  received  signed  to  the  known  preamble  code. 
The  outputs  of  the  correlators  are  squared  and  added,  and  this  sum  is  sampled  and 
compared  to  a  threshold  at  discrete  times.  If  there  is  a  packet  present  with  a  time 
offset  of  within  iTc,  the  expected  value  of  the  signal  out  of  the  correlators  will  be 
very  high,  so  the  packet  will  be  detected.  Because  the  width  of  the  main  lobe  of 
the  auto-correlation  function  is  about  two  chips,  the  detections  must  take  place  at 
a  rate  of  at  least  once  per  chip  if  all  incoming  packets  are  to  have  a  chance  at  being 
detected. 

One  physical  implementation  of  the  correlation  circuit  is  a  matched  filter.  With 
this  implementation,  the  threshold  decision  can  be  made  at  a  rate  equal  to  or  even 
greater  them  the  chip  rate.  The  interval  of  correlation  is  a  shding  window,  with 
a  great  deal  of  overlap  between  the  correlation  inter\’als  of  successive  decisions. 
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Unfortunately,  hardware  constraints  limit  the  maximum  length  of  the  correlation 
interval.  Two  devices  are  commonly  used:  surface  acoustic  wave  (SAW)  filters,  and 
charge  coupled  devices  (CCD’s).  SAW  filters  with  a  length  of  1000  chips  have  been 
constructed,  and  a  2000  chip  device  is  being  developed  [17].  CCD’s  are  generally 
lower  cost  than  SAW  devices,  but  the  maximum  length  is  even  smaller.  Currently, 
the  state  of  the  art  for  CCD’s  is  around  256  chips,  but  work  is  proceeding  on  a 
1024  chip  device  [17].  Because  the  performance  improves  with  longer  correlation 
times,  the  limitations  on  the  length  of  the  matched  filter  can  lead  to  a  low  overall 
Prx{^,R)-  For  example,  with  a  spreading  factor  of  hundreds  of  chips  per  bit.  a 
matched  filter  of  even  2000  chips  is  only  several  bits,  which  is  not  sufficient  to 
adequately  distinguish  between  true  packets  and  false  alarms. 

An  alternate  implementation  of  the  correlator,  which  does  not  have  a  restric¬ 
tion  on  maximum  length,  is  an  active  correlator,  shown  in  Fig.  6.2.  In  the  active 
correlator,  the  incoming  signal  is  multiplied  by  the  local  estimate  of  the  spreading 
code,  and  the  output  of  the  multiplier  is  integrated  over  many  chips.  This  inte¬ 
grated  signal  forms  the  output  of  the  correlator.  The  active  correlator  has  a  serious 
restriction,  which  is  that  the  correlation  intervals  cannot  be  overlapping,  so  that 
the  rate  of  detection  is  the  inverse  of  the  integration  time,  which  can  be  very  low. 
If  the  integration  time  is  equi\’alent  to  c  chips,  then  a  bank  of  c  active  correlators 
can  be  used,  giving  an  effective  detection  rate  of  once  per  chip.  If  the  approximate 
starting  time  of  the  packet  is  known,  the  number  of  active  correlators  required  can 
be  reduced,  as  offsets  for  which  there  is  very'  little  probability  of  a  packet  being 
present  need  not  be  considered.  Nevertheless,  in  the  unslotted  ALOHA  packet  sys¬ 
tem,  the  starting  times  are  completely  random,  and  even  for  small  values  of  c.  the 
hardware  cost  of  the  required  bank  of  correlators  would  be  enormous.  Thus,  both 
the  matched  filter  and  the  active  correlator  circuits  have  serious  drawbacks  when 
used  by  themselves  as  the  correlation  circuit. 
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Fig.  6.2  Active  correlator  circuit. 
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Fortunately,  by  following  a  matched  filter  detector  with  an  active  correlator  de¬ 
tector,  a  circuit  with  neither  of  the  respective  shortcomings  can  be  constructed.  This 
two  stage  acquisition  circuit  of  Fig.  6.3  wais  proposed  by  Rappaport  and  Schilling 
in  [44].  The  preamble  for  such  a  circuit,  shown  in  Fig.  6.4(a),  is  made  up  of  two 
parts;  the  first  part  is  the  code  to  which  the  matched  filter  is  matched,  and  the 
second  part  is  the  code  which  is  generated  by  the  active  correlator.  The  detections 
of  the  matched  filter,  some  of  which  may  be  false,  indicate  to  the  active  correlator 
the  approximate  starting  time  of  a  packet.  Because  they  will  be  weeded  out  by  the 
active  correlator  (with  high  probability),  a  relatively  high  false  alarm  rate  can  be 
tolerated  for  the  matched  filter,  leading  to  a  high  probability  of  detection.  Thus, 
with  a  two  stage  structure,  the  overall  performance  of  the  active  correlator  can  be 
approached  without  the  need  for  a  large  number  of  active  correlator  circuits. 

There  are  two  ways  to  further  improve  the  acquisition  performance.  The  first 
method  increases  the  overall  probability  of  detection  of  the  matched  filter,  and  the 
second  method  allows  a  higher  false  alarm  rate  out  of  the  matched  filter  to  be 
tolerated.  First,  in  the  simplest  two-stage  acquisition  circuit,  the  matched  filter 
has  only  one  chance  at  detecting  the  preamble.  By  repeating  the  entire  preamble 
structure  several  times,  as  in  Fig.  6.4(b),  the  matched  filter  is  given  more  chances 
at  detection,  and  therefore  the  probability  of  detecting  at  least  one  is  increased. 
This  is  referred  to  as  the  multiple  cycle  case,  emd  each  repetition  is  called  a  cycle. 
For  the  two  stage  circuit,  false  alarms  out  of  the  matched  filter  have  two  effects. 
First,  for  a  given  Pfa  of  the  active  correlator,  a  higher  Pfa  for  the  matched  filter 
will  lead  to  a  higher  overall  false  alarm  rate,  causing  more  packets  to  be  missed  due 
to  false  locks.  Second,  every  false  alarm  from  the  matched  filter  causes  the  active 
correlator  to  be  busy  for  the  entire  correlation  time.  If  the  active  correlator  is  busy 
when  the  matched  filter  detects  a  true  packet,  the  packet  will  be  lost.  This  second 
effect  is  usually  the  more  damaging  one.  However,  if  there  is  more  than  one  active 
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Fig.  6.3  Two  stage  acquisition  circuit. 
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(b) 

Fig.  6.4  Preamble  Structure. 
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correlator  circuit,  then  even  if  there  are  many  false  alarms  in  a  short  interval,  there 
still  might  be  an  active  correlator  available  for  the  true  packet.  The  analysis  will 
consider  both  the  cases  of  many  cycles  n  and  of  many  active  correlators  c. 


6.2  Probability  of  Detection  and  False  Alarm 

The  performance  of  the  synchronization  circuit  hzis  been  analyzed  by  Polydorous 
and  Weber  in  [36].  They  considered  the  detection  of  a  single  signal  in  the  presence  of 
Gaussian  noise,  and  determined  the  effect  of  the  auto-correlation  of  the  spreading 
code.  The  analysis  can  be  applied  to  both  matched  filter  and  active  correlator 
I-Q  detector  circuits.  Siess  and  Weber  extended  the  analysis  to  a  system  with 
jamming  in  [48].  In  this  section,  a  similar  treatment  leads  to  close  approximations 
to  the  probabilities  of  detection  and  false  alarm  for  a  multiple  access  system  with  a 
constant  number  of  interfering  signals  throughout  the  preamble.  It  is  then  shown 
that  for  a  system  in  which  the  interference  varies,  the  probabilities  are  functions  of 
the  average  level  of  interference. 

The  following  notation  is  used.  The  first  stage  is  referred  to  as  the  detection 
stage  and  the  second  as  the  verification  stage.  The  preamble  (or  a  cycle  of  the 
preamble  in  the  multiple-cycle  case)  is  divided  into  two  parts.  The  length  of  the 
first  part,  ki  chips,  is  equal  to  the  length  of  the  matched  filter.  The  length  of  the 
second  part,  k2  chips,  is  equal  to  the  length  of  the  active  correlator.  The  thresholds 
are  denoted  by  /j  and  I2.  The  preamble  has  a  duration  of  Tp,  which  is  the  sum  of  the 
duration  of  the  first  part,  Tp,  =  k,T,  and  duration  of  the  second  part,  Tp^  =  ^2^c' 
with  a  chip  duration  of  Tc.  The  probabilities  of  detection  and  of  false  alarm  for 
the  first  and  second  stage  are  denoted  by  Pd^il),  Pfaiil),  Pd^i^)^  and  Pfa^I). 
where  /  is  the  constant  level  of  interference  occurring  during  the  preamble  under 
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consideration.  H\  denotes  the  event  that  a  preamble  (on  the  same  code)  with  a 
time  offset  rj  less  than  ±Tc  is  present,  and  Hq  the  complementary  event.  The 
analysis  treats  the  performance  of  the  matched  filter,  yielding  Pdi{I)  and  Pfa^{I). 
Substituting  to  and  li  for  k\  and  /j  will  give  the  values  of  Pyaj(J)  and  Pd^{I). 

6.2.1  Constant  Interference  Level 

As  in  Chapter  2,  the  incoming  signal  r(t)  is 

/ 

r(f)  =  12  -  Tjt)  cos(u;cf  +  <^t)  +  AT,  (6.2) 

where  ajt(<)  is  the  transmitted  chip  sequence,  equal  to  the  spreading  code  times  the 
data  sequence,  and  the  desired  signal  is  now  indexed  by  t  =  0.  After  multiplying  r{t] 
by  v^cos(u;ct)ao(t)  or  v^sin(u;cf)ao(<)  and  integrating,  the  in-phase  and  quadrature 
signals  (neglecting  double  frequency  terms)  are 

/ 

Zi  =  Tp^\/SY^  Ak  cos{0k)  +  A;; 

fc=o 

/ 

^  ■^ksini<f>k)  +  AfQ,  (6.3) 

k=o 

where  A'j  and  A/g  are  independent  zero-mean  Gaussian  r.v.’s,  each  with  \'ariance 
NoTp^/2,  and  Ak  is  the  aperiodic  partial  cross-correlation  of  {a(o,j)}  and 

1  -  -  ■  t 

^k  =  T~^i^  ~  ^k)O(k,j')(^{0,})  +  ^kO(k,}'-l)°(0j)'^  j  -  f  =  Jk-  (6--i) 

j=i 

With  rmdom  coding,  for  fc  ^  0,  Afc  is  the  sum  of  a  number  of  Bernoulli  random 
variables.  Thus,  for  fc  /  0,  the  mean  of  Ak  is  zero  and  the  variance  is  (1  —  6k )'  -f  6^.. 
where  6k  is  the  fractional  part  of  as  in  Chapter  2.  Given  the  event  Hq.  Aq  is  also 
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zero  mean,  with  •variance  (1  —  60)^  +  ^o-  Given  the  event  Hi,  that  is,  a  preamble  is 
present  with  offset  |ro|  <  1,  the  mean  of  ^0  is  (1  —  |to|),  and  the  variance  is 

The  components  of  Zj  and  Zq  excluding  thermal  noise  can  be  expressed  in 
polar  coordinates  as 


2;  -  AO  =  y  cos(^)  and  Zq  -  Aq  =  y  sin{6).  (6.5) 


The  \'alue  of  6  does  not  affect  the  detection  and  false  alarm  probabilities.  The  value 
of  y  is  found  from 


=  sTl 


^^AiCos(di)j  + 


i4isin((?)jt)'j 

Vi=o  / 


For  a  given  set  of  Ak,  the  expected  -value  over  all  4>k  of  y*  is  simply 

E{i‘)^{T,,fSY^{Ak)-.  (6.7) 

fc=0 


In  order  to  lead  to  tractable  results,  the  approximation  is  made  that  the  phase 
offsets  <t>k  are  identical  for  all  k.  Because  this  approximation  does  not  affect  the 
mean  or  -variance  of  y,  it  is  believed  that  it  will  not  have  a  great  impact  on  the 
results.  As  a  result  of  the  approximation,  cos(0jt  —  0/)  =  1  for  all  k  and  I,  and 

y2  =  (rp,)-5^^A,j  .  (6.SI 
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so  y  is  the  sum  of  2(/-l-l)  (for  Hq)  or  2/+1  (for  Hi)  binomial  random  variables,  with 
different  variances.  Using  the  approximation  that  y  is  Gaussian  distributed  (valid 
for  large  ki  and  7),  allows  the  analysis  of  Polydorous  and  Weber  to  be  followed 
almost  verbatim,  as  was  done  for  the  case  of  a  CW  jammer,  studied  by  Siess  and 
Weber  [48].  The  mean  and  variance  of  y  for  the  hypotheses  if,  are 

rO  i  =  0: 

m,  =  <  (6.9) 

-  \to\)  z  =  1: 


where 


kiiTc)^S'£GoiSk) 


k=Q 


ki(Tc)^s{Gi(To)+'£GoiSk) 

V  -fc=i  / 


i  =  0; 

i  =  1. 


(6.10) 


Goi6)  =  l-  26  +  26‘  and  Gi(r)  =  T2.  (6.11) 

Again,  it  is  not  possible  to  integrate  over  all  offsets  6k.  The  worst  ceise  occurs 
when  =  0  for  all  k.  The  best  case  is  =  1/2.  Alternatively,  IZi=i  GoiSk)  can 
be  approximated  by  the  average  value,  (2/3)7.  For  the  hypothesis  Hq,  Go{So)  is 
set  equal  to  the  value  used  for  the  other  interfering  tremsmissions,  regardless  of  the 
actual  value  of  tq  used  to  find  Pd^.  Following  the  approach  of  Polydorous  and  Weber 
[36].  the  effective  SNR  is 


SNR,' 


r£'c/-No(t?(7+ 1))  i  =  0; 

|Ec/Ao(t?7  +  Tj)  i  =  1, 


where  tj  is  1,  2/3  or  1/2.  The  probability  of  false  alarm  is 


Pfai  =  '^  /.  exp(-x)7o(a,i)dx. 


(6.12) 


(6.13) 
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'l+2Syjie° 


1  +  /i 


1  +  S.VRe 


°  1  +  2SNRe°  2  ’ 


5.v/?e° 

1  +  S.Vi?e°' 


(6.14) 


The  numerical  v'alue  of  P/a^  is  calculated  from  the  series  expansion 


oo  2Jb 


t=0  m=0 


(6.15) 


,  -  k-1/2 

fo  =  «;  Ji  =  — ^ - a.'A-i- 


(6.16) 


The  probability  of  detection  is  calculated  from  the  series  expansion 


Pdiil)  =  exp^  - 


h(l  -  \to\)^EJNo 
1  +  2SXRe^ 


-  ^  Fi^Gk.  (6.17) 

'l  +  2SNRe^  k=o 


where  Gk  is  found  from  the  recursion  equation 


Gk+i  =  ((i/2)^+'e-'>/2  +  i^k  +  l)Gk;  Go  = 


(6.18) 


and  Fk  is  foimd  from 


Fo  =  1;  Fi  =  m,/2; 


(6.19) 


(fc  +  1/2)  2 


(6.20) 


^  +  alkEk)-, 


(6.21) 


/2^i(l-|ro|)2F,/.Vo 

l+25.VFe^ 


(6.22) 


2  2S.Vi?e* 

~  1  +  2S-VF,^’ 


(6.231 


The  output  of  the  matched  filter  is  sampled  at  intervals  of  ^Tc-  This  will  lead 
to  a  worst  case  time  offset  of  |rol  =  ^/2,  for  both  the  matched  filter  and  the  active 
correlator.  Also,  for  this  worst  case  offset,  there  are  two  chances  at  detection  [35]. 
so  the  overall  is 

Pr  =  Pd  +  (I- Pd)Pd-  (6.24) 

6.2.2  Varying  Interference  Level 

Using  the  approximations  of  the  previous  analysis,  P^^  and  P^^  can  be  evaluated 
even  if  the  interference  varies  during  the  detection.  Several  new  variables  are  needed. 
Let  I  be  the  number  of  times  that  the  number  of  interfering  transmitters  changes. 
The  times  at  which  the  interference  changes  are  denoted  by  ij,  ^2.  •  •  •  •  th  and  the 
start  of  the  tagged  preamble  is  assumed  to  be  at  time  t  =  0.  Let  7*  be  the  total 
number  of  packets  that  overlap  some  part  of  the  interval  [0,  TpA-  Instead  of  .4jt.  the 
variables  Bk  are  needed,  defined  as 

T 

Bk  =  f  ao(t)at(f  -  Tk)dt.  (6.25) 

Jo 

If  the  fcth  packet  overlaps  the  entire  interval  [0,  TpJ  then  Ak  =  BklTp^.  It  is  again 
zissumed  that  (t>k  is  the  same  for  eill  k,  so  the  r.v.  y  is  equal  to 

r 

y  =  S'^Bk.  (6.26) 

Jfc=0 

Bo  is  simply  Tpr  -4o,  so  it  can  be  approximated  as  a  Gaussian  r.v..  as  done  pre¬ 
viously.  If  the  /rth  interfering  packet  overlaps  the  entire  interval,  then  Bk  can  be 
approximated  as  a  zero  mean  Gaussian  r.v.,  with  variance  {Tp^)'^ri [k\  =  ki{Tc]'ri. 
If  the  i:th  packet  does  not  overlap  the  entire  inter\’al,  the  Gaussian  approximation 
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might  not  be  valid,  as  the  binomial  r.v.  can  be  the  sum  over  verj'  few  chips.  How¬ 
ever,  when  the  overlap  is  this  small,  the  interference  from  the  kth  packet  will  have 
very  little  effect  on  the  performance,  so  the  inaccuracy  of  the  approximation  will 
not  matter.  Thus,  to  a  good  approximation,  the  variable  Bk  will  be  Gaussian,  with 
zero  mean,  and  variance  NkiTc)^T},  where  Nk  is  the  number  of  chips  in  [0.  that 
the  fcth  packet  overlaps.  Consequently,  the  sum  y  is  Gaussian,  with  a  mean  given 
by  Eqn.  6.9  and  a  variance  of 

{T* 

TcS  f  +  l)dt,  1=0: 

(  fTn  \ 

TcS  ( Tp,Gi(ro)  +  ,  1  =  1, 

where  I{t}  is  the  instantaneous  level  of  interference  at  time  t.  However,  this  is 
precisely  the  expression  of  Eqn.  6.10.  where  the  constant  value  I  is  replaced  by  the 
average  over  the  interval  [0,  TpA  of  the  interference  I{t). 


6.3  Analysis  of  the  Probability  of  Reception 

In  this  section,  the  average  probability  that  a  packet  is  received  is  determined 
for  the  single  cycle,  single  active  correlator,  two  stage  acquisition  circuit  described 
in  §6.1.  Specifically,  the  analysis  yields  Prx{^-,R)’  the  probability  that  a  packet 
is  received  given  that  the  network  state  at  time  t  =  0“  is  (X.R),  and  the  source 
of  the  packet  was  idle  and  began  transmission  to  a  randomly  chosen  destination 
at  time  <  =  0.  The  packet  under  consideration  is  called  the  tagged  packet,  and  its 
preamble,  the  tagged  preamble.  The  tagged  preamble  extends  from  time  f  =  0  to 
t  =  Tp,  with  the  first  part  ending  at  Tp^ . 
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6.3.1  Events  Constituting  Reception 

For  a  packet  to  be  received,  a  niimber  of  events  must  take  place  successfully.  If 
the  synchronization  circuitrj’  is  not  used  at  all  following  the  detection  of  a  packet, 
and  the  time  to  switch  the  PRU  from  a  receiving  state  to  a  state  of  searching  for  new 
packets  is  negligible  compared  to  Tp,  then  it  may  be  possible  for  the  destination  to 
acquire  a  packet  whose  preamble  begins  while  that  destination  is  receiving  another 
packet,  as  long  as  the  reception  ends  before  the  end  of  the  preamble.  However, 
for  many  systems,  this  will  not  be  the  case,  so  in  this  analysis  it  is  assumed  that 
if  a  radio  is  busy  receiving  at  the  stairt  of  a  preamble,  then  that  preamble  cannot 
be  acquired,  even  if  the  radio  becomes  idle  before  the  end  of  the  preamble.  Also, 
since  the  radios  cannot  receive  and  transmit  simultaneously,  a  packet  will  not  be 
received  if  the  destination  transmits  at  any  time  during  the  preamble.  Thus,  the 
first  condition  for  reception  to  occur  is  that  the  destination  must  be  idle  throughout 
the  preamble.  Next,  the  matched  filter  must  detect  the  first  part  of  the  preamble. 
At  the  end  of  the  first  part,  the  active  correlator  must  be  idle.  Also,  the  active 
correlator  must  verify  the  preamble.  Finally,  the  destination  receiver  must  not  be 
in  false  lock.  These  events  are  described  in  more  detail  below. 

The  protocol  allows  radios  to  transmit  while  attempting  to  acquire  a  packet. 
Therefore,  PdIi  the  probability  that  the  destination  is  idle  (given  a  state  at  time 
t  =  0~  of  {X,R)  and  that  the  source  was  idle  emd  begins  transmission),  must  take 
into  account  the  state  of  the  destination  throughout  the  entire  preamble.  Because 
of  the  definition  of  the  state  R,  if  a  receiver  is  not  counted  as  one  of  the  R  at 
time  t  =  0“,  then  no  packet  that  will  be  acquired  hais  yet  begun  transmission.  In 
other  words,  if  the  destination  begins  receiving  a  packet  in  the  interval  (O.Tp).  that 
packet’s  preamble  will  end  in  the  interv'al  {Tp,  2Tp).  Because  the  new  preamble  ends 
after  the  tagged  pretimble,  it  cannot  cause  the  tagged  packet  not  to  be  acquired  due 
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to  the  destination  being  busy.  Of  course,  the  new  preamble  will  affect  the  acquisition 
probability  by  increasing  the  interference  level  during  (0,7),),  but  this  effect  will  be 
considered  separately.  Therefore,  to  find  Pd  I,  it  is  necessary  to  determine  whether 
the  destination  was  transmitting  at  any  time  during  the  preamble,  but  it  is  only 
necessary  to  know  whether  the  destination  was  included  in  the  R  radios  receiving 
at  the  beginning  of  the  preamble.  So,  Pdi  can  be  foimd  3is  the  probability  that  the 
destination  is  not  transmitting  or  receiving  at  time  t  =  0~.  times  the  conditional 
probability  that  the  destination  does  not  begin  transmitting  during  (O.Tp).  given 
that  it  was  idle  at  t  =  0~ . 

Given  that  the  destination  is  idle  throughout  the  preamble,  the  matched  filter 
has  a  chance  at  detecting  the  first  part  of  the  preamble.  The  performance  Pd^{I) 
was  found  for  a  constant  level  of  interference  in  §6.2.  It  will  be  shown  in  §6. 3. 3. 2 
that  the  probability  of  detection  for  an  arbitrary  network  evolution  during  (0.  Tp) 
can  be  bounded  by  Pd^m  for  appropriate  values  of  I. 

If  the  matched  filter  successfully  detects  the  preamble,  an  active  correlator  will 
begin  verification,  if  one  is  available.  The  probability  that  there  is  an  active  correla¬ 
tor  a\’ailable,  given  that  the  destination  is  idle,  given  the  evolution  of  the  interference 
over  the  infinite  past,  and  given  the  number  of  overlapping  preambles  on  the  same 
code,  is  denoted  by  Pyv-  This  probability  is  independent  of  the  event  that  the 
preamble  was  detected,  when  conditioned  on  the  synchronization  parameters  /]  and 
^'1.  There  are  two  processes  affectin,^  Pyv-  The  first  is  the  false  detections  of  the 
matched  filter,  which  lead  to  a  correlator  verifying  a  false  signal.  The  second  is  the 
true  detections  of  the  overlapping  preambles.  For  the  simple  two-stage  preamble 
with  one  cycle  and  one  correlator,  the  probability  that  the  correlator  is  not  busy 
verifying  a  false  detection,  conditioned  on  the  events  outlined  earlier,  is  denoted  by 
Psv F-  The  probability  that  the  correlator  is  not  verifying  an  overlapping  preamble. 
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again  with  the  same  conditions,  is  denoted  by  Pnvt- 

Conditioned  on  all  of  the  earlier  events,  i.e.,  the  destination  is  idle,  the  matched 
filter  detects  the  preamble,  and  an  active  correlator  is  available,  the  probability  of 
correct  verification  is  only  a  function  of  the  interference,  the  chip  offset,  and  the 
parameters  Ec/Nq,  ^2,  and  I2.  As  was  the  case  for  the  matched  filter,  this  can  be 
bounded  by  considering  Pd^il)  for  a  constant  7,  using  the  appropriate  value  of  I. 

Finally,  if  the  active  correlator  correctly  verifies  the  preamble,  there  is  still  one 
more  hurdle,  which  is  false  lock.  Because  the  synchronization  process  is  imperfect, 
there  wiU  be  times  when  the  circuitry  indicates  the  presence  of  a  packet  when  none 
is  there.  This  will  cause  the  receiver  to  be  tied  up  processing  a  non-existent  packet. 
If  a  true  packet  arrives  during  this  time,  it  will  be  lost  because  the  receiver  is  busy. 
There  are  several  possible  mechanisms  that  will  detect  a  false  lock  condition.  First, 
in  order  to  continue  despreading  the  packet,  the  PRU  must  have  a  code  tracking 
loop.  This  loop  will  include  lock  detection  circuitry  which  will  indicate  when  the 
tracking  has  lost  lock  on  a  signal.  If  a  false  lock  occurs,  the  tracking  loop  will 
quickly  indicate  that  it  has  lost  lock  of  the  signal.  A  second  mechanism  is  the 
packet  header,  which  contains  data  such  as  the  source  and  destination  addresses. 
Even  if  the  tracking  loop  does  not  indicate  false  lock,  the  header  will  be  random  bits, 
so  the  packet  will  be  rejected.  Ideally,  the  PRU  would  immediately  return  to  an  idle 
state  when  loss  of  lock  occurs,  so  the  false  lock  condition  will  quickly  be  corrected. 
However,  there  is  likely  to  be  overhead  involved  in  initiating  and  terminating  the 
reception  of  a  packet.  Therefore,  the  dmation  of  the  false  lock  is  highly  system 
dependent.  For  simplicity,  the  penalty  for  a  false  lock  will  be  modeled  as  a  fixed 
time  interval  during  which  the  PRU  is  inactive. 

6.3.2  Auxiliary  Variables 

For  an  exact  analysis,  the  state  description  must  be  rich  enough  to  allow  the 
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varioiis  probabilities  defined  in  §6.3.1  to  be  determined  directly.  However,  a  model 
with  such  a  state  would  be  too  complex  to  lead  to  tractable  results,  and  also  would 
be  non-Mairkovian.  Rather  than  including  these  variables,  called  auxiliary  variables, 
in  the  state  description,  they  are  foimd  probabilistically  from  the  simple  network 
state  (X,R).  In  this  section,  these  auxihary  variables  are  introduced  and  the  proba¬ 
bility  distribution  functions  are  evaluated.  These  will  be  used  in  the  next  section  to 
determine  the  probabilities  affecting  the  overall  probability  of  reception  A',  i?). 

By  making  the  approximation  that  the  preamble  length  is  a  negligible  fraction  of 
the  total  packet  length,  the  exponential  distribution  can  still  be  used  for  the  packet 
lengths,  and  accordingly,  the  Markovian  network  model  can  be  retained.  This 
approximation  is  used  at  the  network  level  to  determine  steady  state  probabilities 
and  transition  probabilities.  Once  the  approximate  network  evolution  has  been 
determined,  the  analysis  of  the  synchronization  process  can  specifically  consider 
the  existence  of  a  fixed  length  preamble.  Thus,  the  packet  lengths  are  considered  to 
be  exponentially  distributed  whenever  the  network  transitions  are  examined.  When 
the  synchronization  process  is  analyzed  as  a  function  of  these  transitions,  the  fixed 
length  preamble  is  accoimted  for.  Of  course,  this  leads  to  an  inconsistency  between 
the  model  of  the  synchronization  process  and  the  overall  system  model,  but  this 
will  be  inconsequential  as  long  as  the  preamble  is  only  a  small  fraction  of  the  mean 
packet  length.  As  will  be  discussed  when  presenting  the  results,  this  condition 
is  true  for  almost  all  of  the  cases  studied.  The  final  validation  comes  from  the 
simulation  results,  which  have  shown  very  good  agreement  with  the  approximate 
an2dytical  results. 

6. 3. 2.1  Definitions 

First,  in  order  to  find  Pyv<  it  is  necessary  to  know  the  probability  of  a  detection 
which  might  tie  up  a  correlator  at  time  As  seen  in  Fig.  6.5.  the  only  detections 
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which  might  cause  the  correlator  to  be  busy  at  time  are  those  occurring  in 
the  inter\’al  (Tpi  —  Tp,,T,,).  These  detections  are  a  function  of  the  interference 
throughout  the  interval  (— rp2,Tpj ),  which  is  approximated  by  the  constant  value 
Iq.  In  addition,  a  true  verification  can  occur  only  if  there  is  another  packet  present. 
The  preambles  which  might  be  detected  in  the  interval  (Tpj  ?  ^Pl  )  correspond 
to  packets  which  begin  in  the  interval  i~'^P7i  0).  Furthermore,  if  receiver  directed 
preamble  codes  are  used,  only  those  preambles  using  the  same  code  can  be  detected 
by  the  destination.  The  number  of  packets  on  the  same  code  starting  in  this  inter%'al 
is  denoted  by  V .  The  probabilities  of  detection  and  verification  are  functions  of  the 
average  interference  encoimtered  during  the  first  and  second  parts  of  the  preamble. 
As  discussed  in  §6. 3. 3. 2,  if  Pd.  and  Pjj  are  greater  than  1/2,  they  can  be  boimded 
by  considering  the  maximum  and  minimum  \’alues  of  the  interference  occurring 
throughout  the  entire  preamble,  denoted  by  J"*"  and  I~ .  The  approximate  values 
of  Pjj  and  Pd2  are  found  by  considering  an  approximation  to  the  to  the  average 
interference,  denoted  by  1.  In  order  to  determine  and  a  number  of  other 
variables  must  be  introduced.  The  auxiliary  variables  that  are  considered  in  the 
anadysis  are  listed  below. 

V:  The  number  of  packets  using  the  same  preamble  code  which  begin  trans¬ 
mission  in  the  interval  (— Tpj^O)- 

Iq:  An  approximation  to  the  level  of  interference  occurring  throughout  the 
interval  (  Tp^,Tp^). 

The  maximum  level  of  interference  in  the  interval  (0,  Tp). 

I~:  The  minimum  level  of  interference  in  the  interval  (0,  Tp). 

I:  An  approximation  to  the  level  of  interference  occurring  throughout  the  in¬ 
terval  (0,  Tp). 

lb:  The  number  of  packets  which  begin  transmission  in  the  inter\al  (  -Tp.O). 
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X:  The  niimber  of  transmissions  which  end  in  the  interval  (0.  Tp). 

R:  The  number  of  receptions  which  end  in  the  interval  (0,  Tp). 

J:  The  number  of  radios  which  are  idle  at  some  time  during  (0,  Tp). 

Fi:  The  number  of  packets  which  begin  transmission  in  the  interval  (0,  Tp). 

Fj'*’;  An  upper  bound  on  Fi . 

Fi~ ;  A  lower  boimd  on  Fi. 

F"*":  The  maximum  number  of  overlapping  preambles  (on  any  code)  in  the 
interval  (0,  Tp). 

F~:  The  minimum  number  of  overlapping  preambles  (on  any  code)  in  the 
interval  (0.  Tp). 

The  variables  X,  R,  and  J  are  introduced  in  order  to  determine  Fj”  and 
which  in  turn  are  used  along  with  Fq  in  order  to  find  F"*"  and  F“.  All  of  these  lead 
to  the  bound  on  the  interference  I  throughout  the  preamble. 

6.3. 2. 2  Probability  Distribution  Functions 

The  probability  distribution  functions  of  the  auxiliary  variables  are  found  by 
anadyzing  the  network  evolution  preceding  emd  during  the  preamble  of  the  tagged 
packet.  This  evolution  is  determined  from  the  Markovian  network  model,  which 
assumes  exponentially  distributed  packet  lengths.  First,  it  is  shown  that  if  the 
starting  times  of  the  X  transmissions  in  progress  at  t  =  0  are  assumed  to  be 
independent  then  they  are  exponentially  distributed,  with  mean  1/^.  Second,  from 
the  Markovian  model,  the  ending  times  of  these  transmissions  are  also  independent 
and  exponentially  distributed,  mean  l/fx.  Third,  from  the  definition  of  the  state 
R.  discussed  in  §6.1,  it  is  known  that  any  radio  which  is  idle  at  time  t  =  0  will 
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not  synchronize  to  a  packet  before  time  i  =  Tp.  Therefore,  any  radio  coimted  as 
idle  at  time  t  =  0  is  free  to  transmit  at  any  scheduling  point  in  the  interval  (0,  Jp). 
Also,  the  scheduling  points  are  drawn  from  a  Poisson  process,  so  the  distribution 
of  the  time  until  an  idle  radio  begins  transmission  is  identical  to  the  exponential 
distribution  for  0  <  t  <  Tp.  From  these  three  distributions,  the  auxiliary  variables 
can  be  determined. 

First,  the  distribution  of  the  starting  times  of  the  X  packets  must  be  determined. 
For  the  actual  network,  these  starting  times  may  not  be  independent.  Also,  the 
primary  Markov  chain  is  non-reversible,  so  it  does  not  immediately  follow  that 
the  starting  times  are  independent,  even  for  the  Markovian  model.  Nevertheless, 
the  assumption  is  made  that  these  times  are  independent.  The  distribution  of  the 
starting  times  of  these  packets  can  be  found  by  considering  the  random  process  of 
X  total  packets  which  are  exponentially  distributed.  The  process  continues  for  all 
time,  so  whenever  a  packet  finishes,  another  begins  to  take  its  place.  The  elapsed 
times  of  the  ongoing  packets  at  time  t  =  0  in  the  primary  Markov  chain  have  the 
same  distribution  ais  the  elapsed  times  of  the  X  packets  in  this  continuing  process 
at  a  randomly  chosen  point  in  time.  The  time  since  the  start  of  the  newest  packet 
is  exponentially  distributed,  mean  l/fiX,  and  this  is  equally  likely  to  be  any  of  the 
X  packets.  The  time  between  starting  times  preceding  the  most  recent  are  also 
exponentially  distributed,  mean  IJuX.  Therefore,  the  time  since  the  start  of  any 
of  the  packets  in  the  continuing  process,  and  therefore  in  the  primary  Markov  chain 
eis  well,  is  exponentially  distributed,  with  mean  l//x. 

Now,  switching  from  the  network  model  to  the  detailed  synchronization  model, 
the  number  of  overlapping  preambles  at  time  0  is  easily  determined.  The  probability 
that  a  given  packet  begins  transmission  in  some  inter\-al  is  found  from  the  c.d.f.  of 
the  exponential  distribution.  Iq.  the  number  of  overlapping  preambles  (on  any 
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code)  at  time  t  =  0,  is  equal  to  the  number  of  transmissions  which  begin  in  the 
interval  (— Tp,  0).  The  probability  that  a  given  transmission  begins  in  this  inter\-ai 
is  po  =  1  ~  Because  the  transmission  times  are  independent,  this  leads 

to  a  binomial  distribution  on  the  ntunber  of  overlapping  preambles.  Thus,  the 
distribution  of  Fo  is 

Pr(ro  =  W)  =  (6.2S) 

where  go  =  1  —  Po- 

The  probability  distribution  of  V'  is  found  in  a  similar  manner,  with  the  addi¬ 
tional  consideration  for  receiver  directed  codes  that  the  same  preamble  code  is  used, 
which  has  a  probability  of  1/(A/  —  1).  Defining  p\  as 

1  —  Space  homogeneous; 

Pi  =  ^  1  _  (6.29) 

— — — : —  Receiver  directed. 

M  -  I 


gives 

Pr(V  =  u)  =  91  =  1  -  Pi-  (6.30) 

However,  V  is  not  independent  of  Vb,  so  the  conditioned  distribution  of  V  given  }b 
must  also  be  determined.  For  the  more  approximate  analysis  of  I'o  is 

not  needed,  in  which  case  the  distribution  of  V  is  found  directly  from  Eqn.  6.30. 
From  the  properties  of  the  exponential  distribution,  given  that  a  packet  begins 
in  (— Tp,  0),  the  starting  time  is  uniformly  distributed  in  this  interval.  Thus,  the 
probability  that  one  of  the  preambles  counted  in  Fo  begins  in  the  smaller  interval 
,  0)  and  is  on  the  same  code  is  equal  to 


P2= 

I  A/  -  1 


Space  homogeneous: 
Receiver  directed. 


(6.31) 
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V  is  binomially  distributed  given  Yq, 


Pr(V  =  v)  =  n  g:  =  1  -  P2-  (6.32) 

\  V  I  ~  ~ 


The  number  of  packets  completing  transmission  by  the  end  of  the  preamble,  X. 
can  also  be  found  by  considering  the  c.d.f.  of  the  exponential  distribution. 


Pr(X  =  x)  =  ]p^o9o~" 


[6.33) 


where  po  and  go  are  as  defined  earlier.  Conditioned  on  X,  R,  and  X,  the  next  step 
is  to  find  the  distribution  of  R,  the  number  of  radios  completing  reception  by  time 
Tp.  There  are  -Y  transmissions  at  time  f  =  0.  i?  of  which  are  also  being  received. 
X  of  these  are  chosen  randomly  from  the  JY.  and  R  is  the  intersection  of  X  and 
R.  This  is  eqviivalent  to  the  combinatorial  problem  of  chosing  -Y  balls  from  an  um. 
without  replacement,  where  the  um  originally  contains  R  red  balls  and  X  —  R  black 
balls.  From  Vol.  1  of  Feller  [15],  R  is  hypergeometrically  distributed. 


Pt{R  =  r)  = 


(6.34) 


If  the  preamble  is  very'  short,  the  probability  of  any  packets  completing  transmission 
during  the  interval  (0,  Tp)  will  be  negligible.  Therefore,  a  vedid  approximation  for 
short  preambles  is  that  both  X  and  R  are  identically  zero. 

The  total  number  of  radios  which  might  begin  transmission  at  some  time  in  the 
interval  (0,  Tp),  denoted  by  J,  includes  those  radios  that  are  idle  at  time  0.  and  also 
includes  those  which  become  idle  at  time  t  <  Tp.  The  size  of  the  former  group  is 
M— JY— ii— 1,  and  of  the  latter  group,  X+H,  so  7  =  M—X  —  R—l+X+R.  The  latter 
group  of  radios  have  a  smaller  interval  in  which  to  begin  a  transmission,  so  are  less 
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likely  to  add  to  the  interference.  The  highest  probability  of  new  transmissions  will 
occur  when  all  of  the  X  packets  that  finish  do  so  at  time  <  =  O"*",  allowing  the  radios 
the  entire  interval  to  begin  a  transmission.  With  this  bound,  the  probability  that 
one  of  the  J  radios  begins  transmission  is  p3  =  1  —  regardless  of  whether  that 

radio  was  counted  in  X  ot  R  or  not.  Furthermore,  for  this  worst  case,  the  starting 
times  of  packets  which  do  begin  transmission  in  this  interval  are  independent  and 
uniform.  The  resulting  bound  on  the  number  of  packets  starting  in  (0.  Tp).  Fj'*'.  has 
a  binomial  distribution, 

Pr(yi'^  =  yi)  =  93  =  1  -  P3-  (6.35) 

Similarly,  a  lower  bound  on  the  number  of  packets  starting  transmission  in  this 
interval  is  found  by  considering  the  other  extreme,  namely,  that  any  radio  which 
becomes  idle  after  t  =  0  does  so  at  time  t  =  Tp.  In  this  case,  J~  =■  M  —  X  —  R  —  1. 
and  the  boimd  is 

Pr(yf  =  yi)  =  (6.36) 

Finally,  given  lb  and  the  bounds  on  Vi,  the  distributions  of  F"*'  and  i'”,  the 
minimum  amd  maximum  number  of  overlapping  preambles  (on  any  code)  during 
(0,rj,),  can  be  determined  by  using  a  result  of  Pursley  [41].  The  conditions  re¬ 
quired  by  his  analysis  are  that  the  number  of  preambles  being  transmitted  at  the 
beginning  and  end  of  a  fixed  length  interval  are  known,  and  that  the  ending  times 
of  the  original  preambles  and  the  starting  times  of  the  new  preambles  are  all  inde¬ 
pendent  and  uniformly  distributed  over  the  interval.  These  conditions  are  satisfied 
by  the  original  preambles  Fq.  The  true  starting  times  of  new  preambles  will  not  be 
uniform  over  the  inter-val,  since  some  of  the  new  transmissions  may  be  from  radios 
which  are  busy  at  t  =  0,  and  are  thus  more  likely  to  occur  later  in  the  inter^-al. 
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Nevertheless,  the  bounds  V'l"''  and  h'j”  lead  to  uniform  distributions,  as  discussed 
previously.  Therefore,  a.s  given  by  Pursley,  the  cumulative  distribution  of  y"*"  is 
found  from 


y  <  max(yn,  hj'*’); 


max(yo,  yj"^)  <  y  <  ho  +  i  i : 


y>yo  +  yi^. 


So,  for  max(yo,  Vj'*' )  <  y  <  Vq  +  yj'*’,  this  leads  to  a  probability  distribution  function 
of 


Pr(}'^  =  yiyo,}',^)  =  - -^—5- - 

^  (ro  +  y7-y)!(y)! 

>7' 


yo!r7! 


(yo  +  y7-(y  +  l))!(y  +  l)! 


yo.'y7'(2y  +  i 


p'o 


(yo  +  y7-y)!(y  +  l)! 


(G.Si 


For  the  end  point,  y  =  lo  +  >7'  ^he  probability  is  found  from 


Pr(y+  =  yo  + >711*0,  y7)  = 


n!y7! 

(^0  +  17)! 

yo!y7!(2y  +  i-yo-y7) 
(yo  +  }7-y)!(y  +  l)! 


(6.35) 


so  the  formula  of  Eqn.  6.37  is  valid  for  all  y  such  that  Pr(y"''  =  y)  >  0.  namelv 
max(yo.y7)  ^  y  ^  i'i)  +  y7-  Similarly,  the  lower  bound  is  found  from 


Pr(y-  =  y|yo,yf)  = 


ypiyf! 

(y'o  +  yf -y)!(y)! 


_ ypiyf! _ 

(lo  +  >7  -  (y  -  l))!(y  -  1 )' 


yo!y7!(yo  +  y7  +  2-2y) 

(>*0  +  17  -  y  +  l).'(y).' 


)  6.39  '■ 
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for  0  <  y  <  inin(yb,^i  )■ 


6.3.3  Determination  of  Reception  Event  Probabilities 

Using  the  state  variables  X  and  i?,  and  the  auxiliary  variables,  the  probabilities 
of  the  events  described  in  §6.3.1  can  be  determined.  However,  the  events  actually 
depend  upon  the  evolution  of  these  auxiliary  variables  over  time.  Therefore,  the 
boiinds  and  approximations  of  the  auxiliary  variables  during  the  inten.'al  (O.Tpi. 
described  in  the  previous  section,  are  used  to  determine  bounds  and  approximations 
to  the  desired  probabilities. 


6.3.3. 1  Idle  Destination,  Pgi 

The  probability  that  the  destination  is  idle  is  found  by  counting  those  radios, 
excluding  the  source  of  the  tagged  packet,  which  are  not  idle  at  t  =  0.  which  is 
X  +  R,  plus  the  number  that  begin  transmission  in  (O.Tp),  which  is  I'l.  Since  the 
destination  is  chosen  uniformly  over  M  —  1  radios,  Pj) /  is  equal  to 


Pdi  =  1 


X  +  R  +  y  1 


.U-  1 


The  bounds  on  Ti  are 

Pdi  —  Pdi  ^  Pdd 


where 


and 


Pdi  -  ^ 


X  +  R^ 

M  -  1 


A'  +  R  +  >7 


(6.40) 


(6.41) 


(6.42) 
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For  the  approximate  analysis,  Fi  is  not  calculated,  so  the  unconditional  prob¬ 
ability  of  the  destination  not  being  idle  is  simply  the  probability  that  it  is  idle  at 
<  =  0  times  the  probability  that  it  does  not  begin  transmission  before  t  =  Tp.  This 
is 


6. 3. 3. 2  Detection  and  Verification,  and 

The  function  Pd-^m  is  monotonically  decreasing  with  increaising  I  as  long  as 
Pjj(O)  is  greater  than  0.5,  but  is  monotonically  increasing  with  increasing  I  for 
Pdi(O)  <  0-5,  and  similarly  for  A  simple  analogy  is  to  consider  the  c.d.f.  of 
the  tail  of  a  family  of  Gaussian  distributions,  with  the  same  mean  but  differing 
variances.  If  the  mean  is  above  the  threshold,  then  increasing  the  variance  will 
decrease  the  probability  of  being  above  the  threshold.  However,  if  the  mean  is 
below  the  threshold,  the  behavior  is  reversed.  Nevertheless,  from  the  numerical 
results,  it  is  found  that  these  probabilities  are  often  greater  than  0.5  in  the  range  of 
interest,  in  which  czise  upper  and  lower  bounds  on  Pjj  and  P^j  can  be  determined 
from  the  lower  and  upper  bounds,  respectively,  of  the  interference  I  during  the 
preamble  as 

PdAI^)  <  P</,  <  Pd,(/“)  and  Pd,{I^)  <  Pd,  <  Pd2ir)-  (6.44) 

Furthermore,  the  approximations  to  Pd^  and  Pj,  found  from  an  approximation  to 
I  are  vahd  even  when  these  probabilities  are  less  than  one  half,  so 

Pdi  ^  Pdiih  and  Pd^^Pd,{i).  (6.45) 
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6. 3.3. 3  Interference,  I 


The  maximum  and  minimum  levels  of  interference  occurring  throughout  (O.Tp) 
follow  directly  from  the  auxiliary  variables.  Furthermore,  this  evaluation  distin¬ 
guishes  between  those  packets  which  are  in  the  data  portion  and  those  which  are 
still  in  the  preamble  portion,  allowing  a  more  generEil  model  of  the  synchronization 
performance  than  that  of  §6.2  to  be  used.  The  upper  bound  on  I  is 

=  X  -  To  +  (6.46) 

The  term  X  —  Yq  counts  all  of  the  ongoing  packets  which  are  in  the  data  portion  at 
time  <  =  0.  Some  of  these  may  finish  before  Tp,  and  will  be  counted  again  in 
if  they  begin  another  transmission.  Nevertheless,  this  is  a  small  probability  event, 
and  only  loosens  the  bound.  The  lower  bound  is 

I"  =  X-.Y-lo  +  y-.  (6.47) 

For  random  coding,  there  is  no  difference  between  the  effect  of  overlapping 
preambles  and  overlapping  data  portions.  If  the  preeimble  is  small,  the  probability 
of  a  network  transition  during  (O.Tp)  is  also  small,  so  I  can  be  approximated  as 
being  constant  and  equal  to  .Y  throughout  the  preaimble. 

i  =  X.  (6.4S) 

A'  is  used  rather  than  A’  —  1  because  the  tagged  packet  is  not  counted  in  the  initial 
total  of  A". 

6. 3. 3. 4  False  Detection  Process, 

False  detections  are  modeled  as  being  generated  from  a  Poisson  process.  This  is 
an  approximate  model,  but  can  be  justified  as  follows.  The  signal  Z  =  \JZ]  +  Z^  is 


compared  to  a  threshold,  1/^  times  per  chip.  Thus,  in  the  absence  of  a  signal  with 
the  correct  time  shift,  i.e.,  hypothesis  Hq,  successive  correlations  are  over  inter\'als 
which  overlap  to  a  great  extent.  For  example,  the  in-phase  signal  2j(t)  at  times 
and  +  ifTc  is 

^lih)  =  /  r(s)ao(s)\/2cos(u;cs)<is; 

rt\-¥iTc 

^l{i\+^Tc)=  /  r(s)ao(s)\/2  cos(.<,'cs)(is.  (6.49'i 

JK+tTc-Tp^ 

so  if  ^  <  1  the  two  samples  of  2/  could  be  highly  correlated.  However,  it  will  be 
shown  that  if  f  is  cin  integer  the  two  samples  are  nearly  independent.  When  the 
sampling  rate  is  greater  than  once  per  chip,  a  large  number  of  false  alarms  might 
occur  during  a  single  chip.  For  a  single  active  correlator  circuit,  the  false  alarms  after 
the  first  one  will  have  no  effect,  as  the  only  active  correlator  will  be  busy.  However, 
with  multiple  correlators,  many  could  be  tied  up  by  a  single  noise  spike.  To  avoid 
this,  detections  are  blocked  for  an  interval  of  one  chip  following  any  detection  in 
the  multiple  correlator  system,  and  the  detection  time  is  chosen  as  the  time  of  the 
largest  signal  that  is  sampled  in  this  interv-al  of  one  chip.  With  this  modification, 
there  will  never  be  more  than  one  detection  per  chip,  so  false  detections  will  be 
nearly  independent.  Because  the  chip  time  is  small,  the  false  detection  process  can 
be  closely  approximated  as  a  Poisson  process,  with  a  rate  -^/O]  —  Pfai/Tc- 

In  order  to  show  that  the  two  samples  are  independent,  consider  the  case  of 
constant  interference,  for  wlaich  Zi(t)  can  be  written  as 

/ 

2/(0  =  Tpi  .4fc{ri)cos(0i)  -f  A'7(0.  (6.50) 

;b=:0 

where  the  term  .4jt(rjt)  now  explicitly  indicates  the  dependence  upon  the  offset  r^.. 
which  is  itself  equal  to  some  offset  minus  the  time  i.  For  random  codes.  .4i.(  )  and 
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Ak(Tk  +  i^Tc)  are  independent  when  <f  is  an  integer.  Also,  the  term  A7(t)  is 

Afjit)  =  y/2  f  ao{s)  cos{u;cs)n(s)ds 

Jt-Tp, 

kl 

=  ^nj,  (6.51) 

1=1 

where  the  rij  are  zero-mean  Gaussian  r.v.’s  with  variance  TcNq/2.  At  two  times 
separated  by  an  integer  number  of  chips,  and  t2  =  ti  +  ^Tc,  the  noise  terms  are 

A7(il)  =  Y, 

1=1 

i  ki 

-  Y>  +  Y 

j=i  j={+i 

i+ki 

yj{h)  =  Y  °{o,}-a^i 

i=i+i 

k\  S+ki 

-  Y,  ^(0, 1-0^1  +  Y  ^(O.j-i)^i-  (6.52! 

i=i+i  i=ki+\ 

Because  the  values  of  rij  are  independent  for  different  j,  the  non-overlapping  portion 
of  the  sums  in  Eqn.  6.52  are  independent.  If  ^  is  less  than  k-y.  the  overlap  is  non-zero, 
and  is  given  by  the  terms 

fcl  ki 

Y  ^{0,i)^i  Y  °(0, ;-{)’’;•  (6.53) 

l=i-kl  ;={-)- 1 

Let  T''"  to  be  those  positions  ;  €  -f-  l,^i]  for  which  ^(o,;)  =  ^(o, _;-{)•  and  let  T” 

be  those  positions  for  which  a(o,j)  =  — a(o,j-o-  random  codes,  unless  ki  —  ^ 
zry  small,  in  which  caise  the  overlap  will  be  practically  negligible,  the  sizes  of  the 
sets  T"*"  and  T“  will  be  very  nearly  equal  to  the  same  value  of  (k\  —  ^)/2.  Defining 
and  U-  as 

f  +  ^  \  and  L-  =  ^ (6.o4) 

;eT+  jeT- 
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the  overlapping  sums  of  .\'7(ti)  and  X’j{t2)  are 

+  l_  and  =  L+  —  L_.  (6.55] 

J={+1  7=f+l 

But  and  I7_  are  zero  mean  Gaussian  random  variables,  so  the  sum  and  differ¬ 
ence  Uj^  +  U-  and  U+  —  U-  are  also  zero  mean  Gaussian  r.v.’s.  Furthermore,  the 
cov’ariance  between  the  sum  and  difference  is 

E{il\  +  -  U.))  =  E{Ul)  -  E{Ul).  (6.56) 

However,  if  HT"*"!!  ss;  i|”F~l|  then  E{U^)  ss  E{Ui),  so  the  covariance  is  nearly  zero. 
Gaussian  random  variables  that  are  uncorrelated  are  also  independent,  so  to  a  good 
approximation,  the  two  sums  A7(ti)  and  .Vj{t2)  are  independent.  Thus,  because 
both  the  interference  terms  and  the  noise  terms  of  Zj{ti)  and  Zj{ti  +  ^Tc)  are 
approximately  independent,  these  two  terms  are  also  approximately  independent.  A 
similar  argument  holds  for  the  quadrature  terms  ZQ{t\ )  and  +iTc),  so  the  false 
alarms  at  times  separated  by  an  integral  number  of  chips  are  nearly  independent. 
Therefore,  the  false  alarms  can  be  accurately  modeled  as  generated  from  a  Poisson 
process. 


6. 3. 3. 5  Not  Busy  Verifying,  PjW 

The  probability  that  the  active  correlator  is  busy  at  time  Tp^ ,  given  that  the  des¬ 
tination  is  idle  at  t  =  0,  given  that  the  preamble  was  detected,  and  given  the  various 
state  and  auxiliary  variables.  h£is  been  defined  as  P.w.  For  several  reasons,  an  exact 
determination  of  Pyv  from  the  network  state  and  the  auxiliary  v'ariables  is  found 
to  be  intractable.  The  event  of  a  busy  active  correlator  depends  upon  both  false 
detections  and  true  detections  during  the  inter\'al  (Tpi  —  Tpo,  Tpj  ).  These  detections 
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are  a  fvinction  of  the  interference  occurring  throughout  the  interv'al  ( — Tp, ,  Tpj ).  The 
first  difficxilty  is  that  the  evolution  of  the  network  over  this  interval  is  not  precisely 
known.  Second,  for  both  true  and  false  detections,  it  is  not  enough  to  know  if  a 
detection  has  occurred,  because  the  active  correlator  may  have  been  busy  at  the 
time  of  this  earlier  detection.  Thus,  the  state  of  the  active  correlator  at  time  Tpj  is 
a  function  of  both  the  detections  occurring  in  (Tpj  —  ^P2  ’  ^J>1  )  and  the  state  of  the 
active  correlator  at  the  times  of  those  detections.  The  third  difficulty  arises  because 
Pyv  is  conditioned  on  the  destination  being  idle  at  time  f  =  0.  By  definition,  this 
means  that  it  does  not  acquire  any  of  the  preambles  in  V'.  This  condition  has  a 
large  impact  on  the  probability  that  the  destination  was  verifying  an  overlapping 
preamble,  as  the  two  events  are  highly  correlated.  For  example,  in  the  extreme  case 
of  Pj,  =  1.0,  if  the  destination  is  idle  then  it  cannot  be  verifying  an  overlapping 
preamble,  since  any  preamble  which  is  being  verified  will  be  acquired,  in  which  case 
the  destination  would  have  been  counted  as  receiving  rather  than  idle  at  time  t  =  0. 
Because  an  exact  determination  is  not  possible,  bounds  on  and  approximations  to 
PiW  are  determined. 

The  effect  of  the  interference  during  (  Tpj ,  Tpj )  on  the  overall  probability  of 
reception  is  a  second  order  effect.  Therefore,  the  analysis  is  based  on  an  approxi¬ 
mation  to  this  interference.  The  small  inaccuracies  due  to  this  approximation  should 
have  little  effect  on  the  final  result.  The  interference  is  assumed  to  be  constant,  and 
equal  to  Iq,  where 

/o  =  X.  (6.57/ 

X  is  used  rather  than  .Y  —  1  because  the  source  is  not  included  in  ,Y. 

For  the  lower  bound  on  PjW^  it  is  assumed  that  any  detection,  whether  false  or 
not,  finds  an  idle  correlator.  Thus,  the  only  way  that  the  correlator  can  be  free  at 
time  is  if  there  are  no  detections  in  (Tp,  Tpj,  Tpi ).  With  this  bound,  the  effects 
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of  false  detections  and  of  true  detections  become  uncoupled,  since  the  probabilities 
of  detection  are  themselves  independent  when  conditioned  on  the  variables  and  the 
parameter  settings.  Therefore,  the  bound  can  be  written  as 

^NV  —  ^NVF^NVT-  (6.5S) 

A  tight  upper  bound  has  not  been  determined.  However,  the  simple  botind 
P\y  =  1  can  be  used.  Of  course,  this  bound  will  become  loose  when  the  prob¬ 
ability  of  false  detection  becomes  large,  but  at  the  optimtun  operating  point,  this 
probability  is  small,  so  the  bound  will  be  useful. 

For  the  approximation,  it  is  assumed  that  the  probability  of  an  overlapping 
preamble  is  negligible,  so  that  P^vT  =  regardless  of  the  number  of  overlapping 
preambles  on  the  same  code.  There  are  two  justifications  for  choosing  this  approx¬ 
imation.  First,  if  the  preamble  is  small,  which  is  often  the  case,  the  probability 
that  V  is  not  zero  vtnll  be  small,  so  the  values  of  Pj\vT  conditioned  on  V’  non-zero 
will  have  very  little  effect  on  the  overall  result.  Second,  even  w'hen  V  is  not  zero, 
it  is  believed  that  the  condition  that  the  destination  is  idle  greatly  reduces  the 
probability  of  the  event  that  one  of  the  overlapping  preambles  is  verified.  With  the 
approximation  P,\vT  =  T  the  probability  that  the  active  correlator  is  free  is  equal 
to  the  approximate  probability  that  no  false  detections  are  being  verified. 

Pnv  =  Pnvf-  (6.59j 

The  quantity  PyvF  is  derived  in  §6. 3. 3. 6. 

6. 3. 3. 6  Not  Verifying  False  Detections,  Pnvf 

The  low'er  bound  on  Psvf  is  found  by  assuming  the  worst  case,  which  is  that 
any  false  detection  arriving  in  the  interval  (Tp,  —  finds  the  active  correlator 
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idle.  With  this  zissumption,  Pnvf  is  simply  the  probability  of  no  arrivals  from  a 
Poisson  process,  rate  in  time  Tr>.,  so 


(6.60) 


An  approximation  to  PnvF:  PnvFi  is  found  from  considering  a  steady  state 
system,  in  which  Ay^j  is  constant  over  all  time,  and  the  effect  of  verifying  true 
preambles  is  ignored.  The  resulting  system  is  simply  a  single  server  queue,  with 
a  fixed  service  time  of  Tp2  and  Poisson  arrh'als,  rate  Ay^j.  The  probability  that  a 
correlator  is  not  verifying  a  false  detection  is  thus 


PyvF  =  1  - 


Tp2  +  1/Ayai  Pfai{^o)^2  +  1 


(6.61) 


6. 3. 3. 7  Not  Verifying  Overlapping  Preambles,  P,vvT 

As  in  the  analysis  of  P/Wf,  in  the  worst  ceise  it  is  assumed  that  any  of  the 
V  overlapping  preambles  which  is  detected  finds  the  active  correlator  idle.  Fur¬ 
thermore,  the  conditioning  on  Pq]  increases  PnvTi  so  for  the  worst  case.  PxvT  is 
considered  to  be  independent  of  Pdi-  For  this  case,  P.WT  is  simply  the  probability 
that  none  of  the  V  overlapping  preambles  is  detected, 

F^'vt  ~  ~  •  (6.62) 

For  both  the  approximation  and  the  upper  bound,  it  is  aissumed  that  no  pream¬ 
bles  are  verified,  so  PsvT  =  Pjvv'T  “  F 
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6.3. 3. 8  False  Lock,  Pfl 


The  final  event  which  must  be  considered  is  the  possibility  of  the  destination 
being  in  false  lock  at  time  Tp,  conditioned  on  all  the  previously  discussed  events 
being  successful.  Before  the  probability  of  false  lock  can  be  analyzed,  the  effect  of 
a  false  lock  must  first  be  specified.  For  simplicity,  in  this  analysis  it  is  assumed 
that  each  false  lock  occupies  the  destination  for  a  fixed  length  of  time,  T//,  which 
is  equad  to  kfi  chips.  Numerical  results  axe  found  for  Tfi  corresponding  to  64  bits. 

In  order  to  determine  whether  a  radio  is  in  false  lock,  it  is  necessarj'  to  know 
the  network  states  over  the  last  64  bits,  as  P/aj  and  P/aj  must  be  calculated  for 
the  network  state  in  the  interval  of  length  Tp  preceding  the  time  of  the  start  of 
false  lock.  Typically,  the  preamble  will  only  be  several  bits  long,  so  the  time  scale 
needed  to  determine  false  lock  is  different  from  that  used  in  the  earlier  analysis. 
In  previous  chapters,  it  has  been  shovTi  that  the  network  state  changes  slowly 
over  tens  of  bits.  The  probability  of  false  lock  is  calculated  by  making  the  loose 
approximation  that  the  state  wais  constant  over  the  entire  64  bits.  Although  this 
is  only  an  approximation,  the  probability  of  false  lock  is  small,  so  the  error  due 
to  this  approximation  should  have  little  impact  on  the  overall  throughput.  The 
interference  level  /^/  =  A”  —  1  is  used,  since  the  tagged  preamble  is  only  a  small 
fraction  of  the  interval  of  64  bits.  In  the  worst  case,  every  false  detection  finds  the 
active  correlator  idle,  so  the  probability  of  no  false  lock,  1  —  Pfi,  is  approximately 
equal  to  the  probability  of  no  arrivals  from  a  Poisson  process,  rate  Pfan^fai  in  a 
time  Tfi.  Therefore, 

I-  PfL^  exp{-P/ai(//()P/a,(//j)/:/i}.  (6.63) 
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6.3.4  Bounds  on  the  Probability  of  Reception 


Given  the  various  constituent  probabilities  of  §6.3.3,  overall  bounds  on  the  prob¬ 
ability  of  reception  can  now  be  found.  As  discussed  in  §6. 3. 3. 2,  these  overall  bounds 
are  only  valid  when  the  probabilities  of  detection  and  are  greater  than  1/2. 
The  lower  bound  is  determined  using  the  worst  case  results,  giving 


X  Vb  X 

Prz{X,R)  >  Y.  PKn  =  so)  E  Pr(F  =  v)Y.  Pr(-Y  =  x)x 

Vo=0  »— 0  1=0 

mm(R.X)  J  lo-t-yr 

E  Pr(H  =  r)  I;  Pr(y+  =  y,)  Y  PrlY*  =  y)x 

ltam.x(yo,V,+  ) 

PBiPd,(I^)PNvPd,iI^)il  -  Pfl)-  (6.64) 


The  upper  bound  is 


,V  J~  inin(yo.Vf) 

prAx.r)  <  ^  Pr(ib  =  yo)  Y.  =  vi)  E  =  y)>^ 

50=0  yi=0  y=0 

p^jPiAr)PdAr){i-PFL).  (6.65) 


As  will  be  seen  in  §6.4,  the  maximum  throughput  is  achieved  with  a  preamble 
length  of  only  several  bits.  For  such  a  small  preamble,  the  probability  of  network 
transitions  is  practically  negligible.  Therefor''  *hese  boimds  can  be  closely  approx¬ 
imated  by  simpler  expressions  which  do  noi  account  for  all  of  the  possible  network 
transitions  during  the  preamble. 

The  approximate  lower  bound  is 

.Y 

PrAX,R)>  Y  Pr(V  =  v)PDiPd,{i)PNvPdAi){l  -  Pfl)-  (6.66) 

r=0 

The  approximate  upper  bound  is 

PRAX,R)<PDiPdr(i)PdAW  -  Pfl)-  (6^"^ 
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6.3.5  Approximation  to  the  Probability  of  Reception 


For  small  preamble  times,  a  closer  approximation  to  the  true  performance  is 
found  by  making  use  of  the  approximations  of  §6.3.3,  rather  than  the  bounds.  In 
addition  to  giving  closer  agreement  to  the  results  from  simulation,  the  approxima¬ 
tion  is  also  a  simpler  expression, 

Pri{X,R)  ^  PDlPdi{hR\’vPd2(h{'^  -Pfl)-  f6,65) 


6.3.6  Multiple  Active  Correlators 

The  analysis  of  a  system  with  c  active  correlators  is  similar  to  the  c  =  1  case  ex¬ 
cept  for  the  probability  of  not  verifying,  Pa'vs  which  will  now  denote  the  probability 
that  at  least  one  active  correlator  is  a\-ailable. 

For  the  lower  bound,  it  is  again  assumed  that  any  detection  will  tie  up  a  corre¬ 
lator.  Thus,  Pjjy  is  found  as  the  probability  that  the  number  of  active  correlators 
verifying  true  signals  (which  is  binomially  distributed)  plus  the  number  verifying 
false  signals  (which  is  Poisson  distributed)  is  less  than  c. 


V 

^NV  =  Yl 
1=0 


;=0  P 


For  the  upper  bound  and  approximate  upper  bound,  there  is  no  change,  as  the 
botmd  Pyy  =  1  is  used.  For  the  approximation,  it  is  again  assumed  that  PsvT  =  1- 
and  so  Pw  can  be  found  from  the  Erlang  B  formula,  P^y  =  B[c.a),  where  the 
normalized  arrival  rate  a  =  P/a,(io)^'2-  Numerically,  this  is  computed  from  the 
recursion  B{c,a)  =  [aB[c  -  l.a)]/[c  -f-  aB{c  -  l.a)],  as  in  [44],  Therefore,  the 
approximations  and  bounds  found  earlier  are  easily  extended  to  the  ceise  of  a  system 
with  multiple  active  correlators. 


6.3.7  Multiple  Cycles 


The  case  of  a  system  with  multiple  cycles  is  analyzed  by  making  the  approxi¬ 
mation  that  product  is  independent  from  cycle  to  cycle.  The  detection 

probabilities  will  be  very  nearly  independent.  However,  the  probabilities  P^-y  are 
not  independent.  Nevertheless,  as  seen  from  numerical  results,  P]\fv  will  be  close 
to  one  for  most  regions  of  interest,  so  the  dependence  from  cycle  to  cycle  will  not 
have  a  great  effect  on  performance.  This  independence  aissumption  has  been  found 
to  give  goo^  agreement  with  results  from  simulation  which  take  into  account  the 
dependence.  A  further  change  is  in  the  determination  of  Pdi-  Because  a  packet 
can  be  acquired  before  the  end  of  the  preamble,  the  probability  that  the  destination 
begins  transmitting  during  a  given  cycle  is  conditioned  on  the  packet  not  yet  being 
acquired.  The  probability  that  the  preamble  is  acquired  on  the  mth  cycle  is 


(6.70) 


so  the  approximations  to  the  bounds  and  the  approximation  for  a  system  with  n 
cycles  per  preamble  are  found  from  the  Equations  6.66,  6.67,  and  6. 68  by  replacing 
the  quantity  PoiPdiPNvPdn  with 


Y.P. 


(m) 
Rz  ■ 


m=l 


(6. 71) 


6.4  Synchronization  Results 

In  order  to  find  the  overall  best  performance,  it  is  necessary  to  maximize  o^■er 
a  large  number  of  variables.  For  most  of  the  results,  the  length  of  the  matched 


165 


filter,  ki  is  constrained,  and  the  throughput  is  maximized  over  li.  Att.  I2.  and  g. 
Brent's  method  for  global  minimization  [S]  is  used  to  numerically  find  the  maximum 
throughput,  by  minimizing  —5,  the  negative  of  the  the  throughput.  All  numerical 
results  given  in  this  section  are  for  the  coded  channel,  with  an  offset  jrol  =  0.25. 
and  rj  =  1.0. 

The  first  plot  is  a  comparison  of  the  results  for  ideal  synchronization  to  the 
realistic  capacity  for  a  system  using  the  two  stage  synchronization  circuit.  Also 
shown  is  the  capacity  resulting  from  a  simpler  synchronization  circuit  consisting 
of  only  a  matched  filter  with  no  active  correlator.  In  Fig.  6.6,  the  capacity  C  is 
found  for  these  three  cases  for  the  finite  population  network,  M  =  20.  with  the 
coded  channel.  Et/No  =  8.0  dB  and  12.0  dB.  The  length  of  the  matched  filter 
is  equal  to  500.  -\t  low  spreading  factors,  there  is  ver>’  little  difference  between 
the  three  cases.  However,  at  higher  spreading  factors,  the  channel  becomes  better 
but  the  performance  of  the  synchronization  circuit  becomes  worse.  This  occurs 
because  /ti,  ko,  Tjij,  and  Ef,/No  are  all  fixed,  but  Tc  becomes  smaller  for  larger 
jV,  so  the  energy  per  chip,  and  consequently,  the  energy  in  an  interval  of  ki  or 
ko  chips,  decrecLses.  The  degradation  is  more  pronounced  for  the  lower  value  of 
received  power.  A  similar  plot  is  given  in  Fig.  6.7,  in  which  the  performance  of  the 
two-stage  synchronization  circuit  is  shown  for  matched  filter  lengths  of  Aq  =  500 
and  1000,  again  for  Eh/No  =  8.0  dB  and  12.0  dB. 

The  two  operating  points  N  =  256,  Aq  =  1000.  E^/Xo  =  8.0  dB  and  Ffc/.Vo  = 
12.0  dB  are  examined  for  comparing  the  \'arious  bounds  and  approximations  to 
results  from  simulation.  The  approximate  optimum  values  of  /j.  A'o  and  /o  are  found 
from  the  analytical  approximation.  Using  these  values,  the  throughput  is  found  from 
simulation,  and  the  bounds  of  §6.3.4  are  also  determined.  The  results  are  given  in 
Table  6.1.  For  the  lower  value  of  £'j/.Yo-  optimum  performance  is  acliieved  with 
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Capacity  C 


Result 

8.0  dB 

12.0  dB 

Upper  Boimd 

* 

3.280 

Upper  Approximation 

1.985 

3.279 

Lower  Bound 

* 

3.188 

Lower  Approximation 

1.616 

3.189 

.Approximation 

1.654 

3.192 

Simulation 

1.67 

3.23 

Table  6.1.  Comparison  of  bounds,  approximations,  and  simulation  results. 

a  that  is  lower  than  1/2,  so  the  bounds  are  not  valid.  Nevertheless,  for  the 
higher  Eh /No,  it  is  seen  that  the  approximations  to  the  bounds  are  almost  identical 
to  the  bounds  themselves,  and  these  approximations  do  not  require  on  to  be 
less  than  1/2.  The  bounds  are  fairly  tight  for  the  optimum  parameter  settings. 
Furthermore,  the  approximation  is  within  2%  of  the  simulation  results,  for  both  S.O 
dB  and  12.0  dB.  Also,  it  is  seen  that  the  boimds  do  indeed  bracket  the  simulation 
results.  Therefore,  at  the  point  which  gives  the  maximum  throughput  using  the 
approximate  model,  the  results  are  very  close  to  the  more  exact  results  found  from 
simulation. 

The  sensitivity  to  the  various  parameters  is  found  for  the  point  .V  =  256. 
ki  =  1000,  Eb/No  =  8.0  dB.  The  next  several  plots  indicate  the  sensitivity  to 
the  parameters  g,  l\,  k2,  and  around  the  optimum  values.  OrJy  a  single  pa¬ 
rameter  is  varied  at  a  time;  the  parameters  that  are  constant  are  set  equal  to  the 
optimum  values.  In  Fig.  6.8,  the  throughput  S  is  plotted  as  a  function  of  the  traffic 
rate  g.  A'  >o  shown  are  the  simulated  points  at  the  optimum,  and  above  and  below 
the  optin.um  value  of  g.  Similar  plots  for  /j,  k2,  and  /o  are  given  in  Figs.  6.9.  6.10 
and  6.11.  In  general,  there  is  good  agreement  between  the  simulated  points  and 


169 


Throughput  S 
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Fig.  6.8  Throughput  versxis  traffic  rate,  realistic  synchronization. 


Throughput  S 


Fig.  6.9  Throughput  versus  matched  filter  threshold. 


Throughput  S 


Throughput  S 


the  analytical  results  plotted.  As  the  parameters  move  away  from  the  optimum, 
some  of  the  approximations  become  loose.  Nevertheless,  the  worst  error  between 
the  analytical  results  and  the  simulation  results  is  69c  for  k2  =  820.  The  true  op¬ 
timum  values  of  the  parameters  will  be  in  the  vicinity  of  the  values  given  by  the 
approximate  analysis.  Ftirthermore,  the  actual  capacity  achieved  at  that  optimum 
will  be  very  close  to  the  capacity  indicated  by  the  analysis.  Therefore,  subsequent 
results  will  be  those  derived  from  the  approximation  of  §6.3.5. 

In  Fig.  6.12,  the  capacity  is  plotted  as  a  function  of  the  number  of  active  correla¬ 
tors  c,  for  matched  filter  lengths  of  500  to  2000.  Also  shown  is  the  simulation  result 
for  ki  =  500,  c  =  5.  The  difference  from  simulation  is  10%,  which  is  not  as  good  as 
in  the  case  of  a  single  active  correlator,  but  is  small  enough  that  the  approximate 
analytical  results  are  still  meaningful.  The  performance  is  greatly  improved  by  the 
addition  of  more  active  correlators,  and  for  ki  =  2000,  the  performance  comes  very 
close  to  the  capacity  of  3.5  found  with  perfect  synchronization.  However,  the  addi¬ 
tion  of  more  active  correlators  leads  to  a  more  expensive  synchronization  circuit. 

The  alternative,  adding  more  cycles  per  preamble,  does  not  have  the  conse¬ 
quence  of  higher  cost.  Yet,  as  shown  in  Fig.  6.13,  similar  improvement  can  be 
achieved.  In  this  figure,  the  capacity  is  plotted  ais  a  function  of  the  matched  filter 
length,  for  several  values  of  n,  the  ntimber  of  cycles.  The  simulation  result  for  the 
number  of  cycles  n  =  5,  with  ki  =  500  is  also  shown,  and  is  found  to  be  very 
close  to  the  analytical  result.  For  a  very  large  n,  the  total  length  of  the  preamble 
becomes  a  significant  fraction  of  the  preamble,  so  the  approximation  become  loose 
For  example,  the  extreme  point  of  n  =  20,  fci  =  2000  corresponds  to  a  preamble 
length  of  about  80  bits  out  of  an  average  packet  length  of  1000,  not  even  including 
those  chips  that  make  up  the  second  part  of  each  cycle.  Nevertheless,  the  results 
for  lower  \'alues  of  n  and  k\  are  valid,  and  the  results  for  longer  preambles  indicate 
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Fig.  6.13  Capacity  versus  matched  filter  length,  multiple  cycles. 
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the  trends  if  not  the  actual  throughputs. 


In  Fig.  6.14,  the  throughput  is  shown  as  a  function  of  n  for  different  matched 
filter  lengths  ^i.  For  a  given  there  is  an  optimum  value  of  n.  For  n  larger  than 
this  optimum,  the  overhead  for  the  preamble  becomes  significant.  By  choosing  the 
niimber  of  cycles  correctly,  the  synchronization  performance  for  a  matched  filter  of 
1000  chips  or  more  can  be  very  close  to  the  ideal.  For  the  case  of  ki  =  1000.  the 
optimum  n  was  found  to  be  9,  and  this  resulted  in  a  capacity  of  3.29.  which  is  949( 
of  the  ideal  capacity  of  3.50. 


6.5  Summary 

The  analysis  of  this  chapter  addressed  the  problem  of  packet  acquisition,  that  is. 
detection  and  synchronization  to  the  spread  spectrum  code.  There  were  two  tasks 
involved.  First,  the  probability  of  detection  and  of  false  alarm  were  determined  for 
the  optimum  I-Q  detector  in  the  environment  of  an  SSMA  PR  network.  By  making 
the  key  approximation  that  the  phzise  offsets  of  the  received  signals  were  all  iaentical. 
the  analysis  led  to  an  intermediate  result  from  which  the  the  work  of  Polydorous 
and  Weber  [36]  could  be  followed.  The  second  tzisk  was  that  of  identifying  and  also 
bounding  or  approximating  the  probabilities  of  the  \'arious  events  constituting  the 
start  of  a  packet  reception.  The  resulting  approximation  was  foimd  to  agree  ver\’ 
well  with  the  true  results  from  simulation,  especially  near  the  parameter  settings 
which  give  the  maximum  throughput.  The  analysis  was  extended  to  a  multiple 
correlator  system  and  also  to  a  system  with  a  multiple  cycle  preamble. 

Numerical  results  indicated  that  with  the  single  cycle,  single  correlator  circuit, 
unless  fcj  is  very  large,  the  throughput  becomes  limited  by  the  synchronization  per¬ 
formance  for  fairly  low  values  of  chips  per  symbol  N .  At  higher  V.  the  performance 
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Fig.  6.14  Capacity  versus 


degrades  significantly,  especially  for  the  moderate  Eb/No  of  S.O  dB.  However,  the 
performance  can  be  improved  by  using  a  multiple  correlator  system  or  a  multiple  cy¬ 
cle  system.  Because  the  former  requires  additional  hardware,  the  prefered  solution 
is  to  use  many  cycles  per  preamble.  With  a  multiple  cycle  system,  the  maximum 
throughput  achieved  was  found  to  be  close  to  the  throughput  resulting  from  the 
assumption  of  ideal  synchronization.  Therefore,  the  results  of  Chapters  3  through  5 
are  valid  approximations  to  the  capacity  of  a  system  with  a  multiple  cycle  two  stage 
synchronization  circuit,  for  which  the  parameters  n,  ly.  A-t.  and  I2  are  optimized  for 
each  \'alue  of  .V,  £i/Ao,  M,  and  g. 
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Chapter  7 


Conclusion 


The  integrated  model  developed  in  this  dissertation  incorporates  the  impor¬ 
tant  details  of  a  spread  spectrum  multiple  access  packet  radio  network  at  both  the 
chaxmel  and  the  network  level.  The  final  version,  described  in  Chapter  5.  is  a  com¬ 
plete  and  accurate  model  of  the  system.  Although  the  derivations  of  the  various 
portions  that  constitute  the  model  are  not  all  exact,  the  approximations  are  very- 
tight  in  the  region  of  maximum  throughput,  eis  verified  by  simulation.  The  re¬ 
sults  derived  here  are  perhaps  the  first  network  level  results  which  account  for  both 
bit  errors  (or  decoder  errors)  and  preamble  synchronization  in  detail.  Because  the 
model  is  comprehensive,  the  final  results  are  in  terms  of  network  throughput,  rather 
than  as  intermediate  measures  such  as  bit  error  rates  or  detection  and  false  alarm 
probabilities.  This  allows  the  impact  of  the  channel  level  parameters  to  be  judged 
immediately.  Also,  the  interaction  between  the  various  aspects  of  the  channel  and 
the  network  can  be  determined. 

The  performance  of  the  Viterbi  decoder  and  the  performance  of  the  synchro¬ 
nization  process  were  analyzed  for  the  environment  of  an  unslotted  multiple  access 
network.  Previous  results  for  the  Viterbi  decoder  all  rely  on  the  assumption  that  the 
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symbol  error  rate  is  constant.  Furthermore,  most  of  the  results  consider  the  recep¬ 
tion  of  a  continuous  stream  of  data,  rather  than  a  short  packet.  Similarly,  most  of 
the  analyses  of  spread  spectrum  synchronization  circuits  are  aimed  towards  finding 
the  time  to  acqmre  a  continuous  stream  of  data.  Also,  there  are  no  detailed  anal¬ 
yses  of  the  synchronization  performance  in  a  system  with  multi-user  interference. 
Thiis,  before  network  level  effects  could  be  found,  it  was  necessary  to  determine  the 
performance  of  these  particular  areas  of  the  system. 

The  aim  of  this  research  was  not  merely  to  derive  an  accurate  theoretical  model 
of  the  system,  but  to  formulate  a  model  which  would  lead  to  numerical  results.  Al¬ 
though  there  has  been  very  little  discvission  of  the  computer  programming  involved, 
this  was  as  large  a  task  as  the  deri^’ution  of  the  models.  In  addition  to  the  writing, 
this  also  included  verifying  the  correctness  of  the  programs.  A  modular  approach 
was  taken,  and  the  intermediate  results  of  sample  runs  were  checked  extensively. 
An  outside  check  was  provided  by  the  results  of  the  simulation,  which  agreed  with 
the  analytical  results  to  well  .within  the  confidence  intervals.  Therefore,  there  is  a 
very  high  level  of  confidence  in  the  correctness  of  the  programs  and  the  numerical 
results  calculated. 

From  the  numerical  results,  three  major  effects  on  throughput  can  be  identified: 
receiver  a\’ailability,  channel  errors,  and  synchronization.  The  first  effect,  receiver 
a\-ailability,  stems  from  the  random  starting  points  of  the  packets  and  the  simple 
fact  that  a  packet  cannot  be  received  if  the  destination  is  busy  at  the  start  of  that 
packet.  Receiver  availability  becomes  a  limitation  if  there  is  sufficient  bandwidth 
available  that  the  spreading  W  can  be  large;  the  signal  power  is  large  compared  to 
the  thermal  noise  density  (the  exact  EiJNq  required  depends  upon  the  modulation 
and  coding  used);  and  the  synchronization  performance  is  close  to  ideal  for  the 
values  of  W  and  Ei,/No  that  are  used.  For  this  channel,  the  probability  of  error  will 
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be  small  even  with  most  of  the  radios  transmitting,  which  is  the  perfect  capture 
assumption,  and  all  packets  destined  to  idle  radios  will  be  acquired,  so  the  only 
factor  that  can  limit  the  throughput  is  the  probability  that  the  destination  is  busy. 
With  a  perfect  channel  and  perfect  synchronization,  for  M  >  10,  the  network 
capa.city  is  only  slightly  higher  than  the  aisymptotic  value  of  0.172-1/,  which  occurs 
for  M  oo. 

The  second  effect  is  the  presence  of  bit  errors.  For  the  uncoded  channel,  even 
with  a  very  high  signal  power  Ei/Sq  and  a  large  number  of  chips  per  bit  H'.  the 
probability  of  bit  errors  has  at  least  some  effect  on  throughput.  For  the  channel 
with  forward  error  correction  coding,  with  a  high  Et/No  and  a  large  W,  the  channel 
is  essentially  perfect.  For  both  the  coded  and  uncoded  channels,  at  low  spreading 
factors  TV,  the  overall  throughput  is  limited  mainly  by  the  channel  errors.  In  this 
case,  the  synchronization  is  nearly  ideal,  since  the  duration  of  a  chip  Tc  is  long. 
.41so,  for  the  optimum  g*,  the  number  of  radios  transmitting  is  a  small  fraction  of 
the  total  M,  so  the  network  can  be  closely  approximated  by  the  simpler  infinite 
population  model,  with  a  traffic  rate  G  =  M g. 

The  third  effect  is  the  synchronization  process.  A  single  cycle,  single  correlator, 
two  stage  acqmsition  circuit  is  described  in  Chapter  5.  For  this  circuit,  when  the 
number  of  chips  per  symbol  N  is  large  enough  to  insure  a  small  probability  of  bit 
error,  a  large  fraction  of  packets  are  missed  due  to  imperfect  synchronization,  even 
for  the  optimum  settings  of  the  synchronization  parameters.  However,  by  using  a 
more  expensive  circuit  with  many  active  correlators,  or  by  using  a  multiple  cycle 
preamble,  the  performance  can  be  greatly  improved.  The  degradation  due  to  syn¬ 
chronization  was  as  small  as  6%  for  a  synchronization  circuit  of  moderate  cost  and 
complexity,  indicating  that  this  effect  can  be  held  to  a  minimum.  Nevertheless,  even 
though  the  effect  of  imperfect  synchronization  can  be  minimized,  the  performance 
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is  fairly  sensitive  to  the  synchronization  parameters,  and  an  improper  operating 
point  can  cause  the  performance  to  degrade  significantly. 

In  addition  to  the  network  using  a  disciplined  ALOHA  protocol,  the  performance 
of  a  system  with  ideal  channel  load  sensing  was  also  investigated.  The  results  indi¬ 
cate  that  at  low  spreading  factors  (W  =  64),  the  performance  can  be  increased  by 
about  50%  by  using  load  sensing.  However,  an  approximate  model  of  propagation 
delay  shows  that  this  improvement  degrades  to  practically  nothing  as  the  prop¬ 
agation  delay  increases  towards  the  transmission  time  of  a  packet.  Furthermore, 
the  actual  performance  will  be  worse  because  the  channel  load  sensing  will  not  be 
ideal.  Also,  in  a  real  PR  network,  there  are  likely  to  be  hidden  nodes,  which  will 
further  degrade  the  performance.  Therefore,  it  seems  that  the  improvement  due  to 
channel  load  sensing  is  not  worth  the  added  cost  and  complexity  of  implementing 
this  protocol,  especially  for  systems  with  higher  spreading  factors. 

The  results  from  the  Markovian  model  demonstrate  the  impact  of  the  radio 
charmel  parameters,  the  synchronization  circxiit  parameters,  and  the  network  pa¬ 
rameters  on  the  network  throughput  and  probability  of  success.  Many  of  the  as¬ 
sumptions  and  approximations  that  were  validated  by  simulation  for  the  particular 
system  studied  will  carry  over  to  the  study  of  other  chemnels  and  synchronization 
circuits.  For  example,  if  the  performance  of  a  different  synchronization  circuit  is 
analyzed  in  a  multi-user  environr:tni ,  the  overall  probabilities  of  reception  can  be 
determined  from  the  resulting  probabilities  of  detection  and  of  false  alarm.  These 
can  then  be  used  in  the  network  model  to  give  the  throughput.  Once  the  appro¬ 
priate  error  rates  for  the  Poisson  error  model  or  the  probabilities  of  reception  are 
determined,  the  Markovian  model  described  in  Chapter  3  can  be  used  to  find  the 
network  throughput  for  a  variety  of  channels  and  of  synchronization  circuits. 
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7.1  Future  Work 


As  is  often  the  case,  although  the  work  completed  in  this  dissertation  has  an¬ 
swered  a  number  of  important  questions,  it  hcis  also  brought  up  many  new  questions 
which  remain  unanswered.  Because  the  model  was  successful  in  leading  to  numer¬ 
ically  tractable  yet  accurate  results  for  the  particular  system  studied,  a  similar 
approach  should  work  for  a  variety  of  radio  channels.  For  example,  the  BER  of 
a  frequency  hopped  SSMA  channel  heis  been  analyzed  by  a  number  of  authors. 
Typically,  the  FH  system  makes  use  of  m-ary  modulation,  so  that  several  bits  of 
information  are  transmitted  simultaneously.  Therefore,  the  probabilities  of  error  for 
neighboring  bits  is  highly  correlated.  However,  it  is  again  the  probability  of  success 
for  the  packet,  not  for  individual  bits,  which  is  important,  and  this  can  be  found 
as  the  product  over  ail  m-ary  words  of  the  probability  that  the  entire  w’ord  was 
successful.  A  further  difficulty  is  encotmtered  in  slow  frequency  hopped  systems, 
for  which  there  are  many  bits  per  hop.  This  again  leads  to  correlation  from  word 
to  word,  but  the  product  will  still  give  the  lower  bound.  Consequently,  even  with 
m-ary  modulation  and  slow  frequency  hopping,  it  is  believed  that  a  Poisson  error 
model  can  be  formulated  which  will  give  a  lower  bound  on  the  probability  that  a 
packet  is  successful. 

The  integrated  model  might  also  be  extended  to  other  convolutional  codes,  and 
also  to  sequential  decoders  and  block  coding.  The  major  hurdle  in  the  study  of  block 
codes  is  the  requirement  that  the  error  model  be  Poisson.  It  may  be  possible  to 
consider  a  mini-slotted  system,  in  which  the  slot  size  is  equal  to  a  single  block.  For 
such  a  system,  the  interference  is  constant  over  the  entire  block,  and  the  probability 
of  block  error  is  conditionally  independent  from  block  to  block,  given  the  number  of 
transmissions  A'.  However,  this  model  leads  to  a  discrete  time  Markov  chain,  which 
involves  many  more  transitions  than  the  continuous  time  chains.  Even  if  the  low 
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probability  transitions  are  removed,  it  is  not  clear  that  the  resulting  transition  rate 
matrices  Q  and  Qaux  could  be  numerically  inverted.  An  edtemative  is  to  use  the 
continuous  time  approximation.  For  a  code  rate  of  roughly  1/2,  a  block  length  of  64 
symbols  corresponds  to  only  32  bits.  The  approximation  used  for  the  convolutional 
decoder  can  then  be  used,  namely,  that  the  probability  of  block  error  is  only  a 
function  of  the  channel  state  at  the  end  of  the  block.  Although  it  is  somewhat 
crude,  the  approximation  can  then  be  made  that  the  errors  are  generated  from  a 
Poisson  process,  with  a  rate  e(A'’)  such  that 

=l-Pe,6/oct,  (7.1) 

where  Tj/ocit  is  the  duration  of  a  block. 

The  more  general  case  of  a  non-uniform  network  requires  a  substantial  refor¬ 
mulation  of  the  network  model.  If  the  received  power  differs  according  to  who  is 
transmitting,  the  model  must  account  for  the  state  of  each  individual  user,  result¬ 
ing  in  a  greatly  expanded  state  space.  This  expamded  model  is  also  needed  for  the 
study  of  a  multi-hop  network,  in  which  some  PRU's  are  not  in  radio  connectivity,  so 
must  communicate  through  one  or  several  intermediate  radios.  From  the  expanded 
state,  for  each  state  it  is  known  exactly  which  radios  are  transmitting  to  or  receiving 
from  which  radios.  Using  this  information,  tight  approximations  to  the  probability 
of  symbol  error  can  be  found,  taking  into  account  the  varying  strengths  of  each 
interfering  signal.  It  is  well  recognized  that  the  degradation  due  to  a  single  strong 
interfering  signal  is  much  worse  than  that  due  to  many  weak  interfering  signals, 
even  if  the  total  interference  power  is  the  same.  A  model  with  ein  expanded  state 
space  would  indicate  the  impact  of  this  “near-far  effect”  on  the  network  throughput. 

Unfortunately,  the  large  state  space  required  prohibits  the  calculation  of  numer¬ 
ical  results  for  any  but  the  smallest  networks.  Programming  done  by  the  author  and 
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Brazio  [7]  led  to  results  for  general  networks  with  a  maximum  size  of  about  six  ra¬ 
dios.  A  great  deal  of  work  was  done  towards  developing  an  approximate  model  that 
could  be  used  for  studying  these  more  general  networks.  However,  the  approximate 
models  derived  were  still  hmited  to  networks  of  10  to  15  radios,  but  the  approximate 
throughput  differed  from  the  exact  results  for  a  uniform  fully  connected  network  by 
factors  of  two  or  three.  Thus,  the  approximate  models  of  a  general  network  were 
too  inaccurate  to  be  of  use.  Of  course,  the  results  given  in  this  dissertation  probably 
would  have  been  numerically  intractable  as  recently  as  15  years  ago,  so  in  the  near 
future,  the  general  model  with  an  expanded  state  space  may  very  well  become  useful 
for  networks  of  a  more  realistic  size.  Meanwhile,  the  non-uniform  and  multi-hop 
networks  might  best  be  studied  by  considering  the  behavior  of  specific  restricted 
cases,  such  as  a  network  with  two  classes,  each  of  which  hats  a  different  transmission 
power.  The  Markovian  model  analyzed  in  Chapter  4  can  be  extended  to  many  of 
these  specific  systems  without  growing  enormously  as  it  did  for  a  completely  general 
network. 

In  conclusion,  this  analysis  of  the  spread  spectrtim  multiple  access  packet  radio 
network  led  to  numerical  results  that  indicated  the  specific  impact  of  the  channel 
level  parameters  on  the  performance.  This  also  led  to  the  identification  of  three 
general  effects,  and  the  ranges  of  the  parameters  for  which  each  of  the  effects  be¬ 
comes  dominant.  Furthermore,  the  model  presented  can  be  extended  in  a  variety 
of  ways.  Thus,  it  is  hoped  that  in  the  future,  a  number  of  other  systems  will  be 
analyzed  based  on  the  foundation  of  the  work  presented  herein,  leading  to  similar 
insights  regarding  the  performance  of  those  systems. 
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Appendix  A 


Finite  Population  Throughput 


In  this  appendix,  the  equation  for  raw  throughput  is  derived  from  renewal  the- 
orj’.  The  state  space  Z{t)  is  expanded  to  explicitly  indicate  the  state  of  user  u.  This 
expanded  state  space  is  denoted  by  Zzit)- 

The  following  terms  are  used. 

X£:  The  number  of  radios  transmitting,  not  including  radio  u. 

/?£:  The  number  of  radios  receiving,  not  including  radio  u. 

0,  u  is  idle; 

s„  :  the  state  of  user  u,  ■Su  =  <  1,  u  is  transmitting; 

^—1,  u  is  receiving. 

Q.£:  The  expanded  state  space, 

0  <  X£  <  M  -  1 
0  <  Re  ^  +  -Su 

{Xe,Re,Su)  : 

Xe  +  Re  <M -I 
s„  6  {-1,0,1}. 
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7ro£(JV£, /?£■,  s„);  The  steady  state  probability  of  being  in  state  (-Y£, /?£.  ). 


Sui^E^  ^e)'  The  fraction  of  time  that  user  u  is  successfully  transmitting  packets 
which  found  the  network  in  state  (A'£,  i?£,  0)  upon  arrival. 

The  analysis  follows  the  solution  to  a  more  general  case  for  multihop  networks 
found  by  Brazio  and  Tobagi  in  [5].  The  times  of  successive  transitions  from  the  state 
(A’’£,i?£.0)  to  the  state  (A£,i2£,l)  are  regeneration  points  for  the  Markov  chain 
Z£(<).  Consider  the  cycles  defined  by  the  time  intervals  between  two  successive 
regeneration  points.  Let  C^(X£,  Re)  denote  the  length  of  the  Arth  cycle,  and  let 
T^* (A£,  Re)  denote  the  successfxil  length  of  the  packet  whose  arri'val  initiated  cycle 
k.  The  sequence 

{{CJ(.V£./!£).rj"(.Vir,fl£))  :«■>!) 


is  a  sequence  of  i.i.d.  pairs  of  random  variables.  Let  E{CI{Xe-  Re))  denote  the 
average  value  of  C^{Xe,  Re)  and  E{T^{Xe,  Re))  the  average  \'alue  of  T^[Xe-  Re)- 
From  the  theory’  of  renewal  processes, 


SuiXE,RE) 


E{T^(Xe^Re)) 

E(C^{Xe,Re)) 


Also,  as  shown  by  Brazio  and  Tobagi  in  [5], 


with  probability  1. 


E{CUXe,Re)) 


_ 1 _ 

'^^o£:(-T£,  i?£,0) 


(.4.1) 


(.4.2) 


If  user  u  is  idle,  and  there  tire  Xe  other  radios  transmitting  and  Re  receiving,  the 
total  number  of  users  transmitting  is  Xe^  and  receiving  is  Re-  Thus,  the  event 
{Ze  =  (A^£,i2£,0)}  is  the  same  as  the  event  {Z  =  {X.R)  and  u  is  idle)}.  A  =  A‘£ 
and  R  =  Re-  In  other  words. 


^o£(A^£,i?£.0)  =  7ro(A.i?)Ps/(.V.i?)  (.4.3 

li  =  /t£. 


188 


so  Eqn.  A. 2  becomes 


E{CUXe,Re)) 


1 

X7ro(X,R)Psi{X,R) 


X  =  Xe  and 

R  =  Re- 


(A.4) 


Because  all  users  are  identical,  the  expected  successful  length  of  a  packet  that 
is  transmitted  given  Xe  other  radios  transmitting  when  it  arrived  does  not  depend 
on  which  particular  radio  u  the  packet  arrived  at.  By  definition,  the  quantity 
Ts(X.R)  is  conditioned  on  the  packet  being  received.  If  the  packet  is  not  received, 
this  corresponds  to  an  immediate  transition  to  the  state  Failure  in  the  auxiliaiy 
Markov  chain.  Since  T^iXEi  Re)  Is  not  conditioned  on  the  packet  being  received, 

EiT^(XE.RE))  =  T,{X,R))PRAX,Rh  (.4.5) 

Thus, 


Su{Xe,Re) 


E{T^{Xe,Re)) 

E{C]^{Xe,Re)) 

\MX,R)PsjiX,R)PR,{X,R)TsiX,R). 


{AS) 


for  X  =  Xe  and  R  =  Re,  for  those  states  {{Xe,Re)  ■  {Xe,Re>  0)  6  fir}.  The  sets 
of  packets  counted  for  the  cycles  defined  by  different  states  {X,R)  are  disjoint,  so 
the  user  throughput  is  found  by  summing  the  expected  contribution  to  throughput 
given  a  starting  state  {X,R)  over  all  states  for  which  at  least  one  radio  is  idle.  The 
quantity  being  summed  is  non-zero  only  for  states  {(X,  R)  :  (X'-l-l,  R  +  l)  €  flaux}- 
so 

5„=  E  Xno{X,R)Psi{X,R)PR,{X,R)T,{X,R).  (.4.7) 
{X+l.R+l)£Q-aux 
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Appendix  B 


Simulation  Models 


This  appendix  describes  the  simulation  models  used  to  verify  the  approximate 
analyses  of  the  Viterbi  decoder  and  the  synchronization  process.  Some  of  the  mod¬ 
eling  assiimptions  described  in  Chapter  2  are  not  necessary’  in  a  simulation  model 
(e.g.,  the  exponential  distribution  for  packet  lengths).  However,  the  intent  of  the 
simulations  is  to  validate  specific  approximations  made,  rather  than  to  generate 
data  for  a  more  realistic  overall  model.  Therefore,  to  the  extent  possible,  most 
aspects  of  the  process  simulated  are  identical  to  the  analytical  treatment. 


B.l  FEC  Decoder  Memoryless  Approximation 


The  first  task  of  the  simulation  is  to  verify  that  the  coded  channel  can  be 
closely  approximated  by  a  memoryless  process.  To  this  end.  the  network  process 
simulated  is  identical  to  the  finite  population  primarj-  Markov  chain  of  §4.2.1.  The 
one  change  is  that  the  probability  of  success  for  a  packet  of  length  r.  starting  at 
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time  to,  is  calculated  as 


f  [■to+r 

P5  =  exp|-/^ 

where 

eiX)  =  -  In  (Pc(Pe.,ym6o/(A')))  6,  (P.2) 

as  before,  but  instead  of  the  current  state  X{t).  X'{t)  is  used,  which  is  the  maximum 
or  minimum  number  of  radios  transmitting  during  the  interval  [t  —  ZoThtt- 1]- 

A  discrete  event  simulation  was  used.  There  are  two  event  lists,  one  for  future 
events  and  one  for  past  events.  Events  are  the  beginning  of  transmission.  BOT,  the 
end  of  a  transmission  which  is  not  received,  EOT,  and  the  end  of  a  transmission 
which  is  received.  EOTR.  The  lists  are  ordered  according  to  the  times  of  the  events. 
Also,  for  the  event  EOTR,  there  are  variables  indicating  the  length  and  cumulative 
probability  of  success  for  the  packet.  The  network  state  is  again  (.Y.  R). 

The  mean  packet  length  is  set  equal  to  one  unit  of  time,  so  1/^  =  1  and  X  =  g. 
After  each  network  transition,  the  next  potential  start  of  transmission  is  drawn  from 
an  exponential  distribution,  at  rate  {M  —  X  —  R)g.  If  this  starting  time  is  prior  to 
the  next  scheduled  transition,  a  packet  transmission  is  inserted  as  the  next  event. 
Otherwise,  the  starting  time  is  discarded.  At  the  beginning  of  transmission,  it  is 
determined  whether  or  not  the  packet  is  received,  by  drawing  a  Bernoulli  random 
variable,  with  a  probability  p  =  1  —  (JY  +  R)/{M  —  1).  The  time  of  the  end  of 
transmission  is  determined  by  drawing  the  length  from  an  exponential  distribution, 
ajid  the  appropriate  event  EOT  or  EOTR  is  inserted  into  the  event  list.  If  the 
packet  is  received,  the  cumulative  probability  of  success  is  initialized  to  1. 

At  each  event,  the  probability  of  success  is  updated  for  all  packets  that  are  being 
received.  For  an  event  at  time  to,  with  the  previous  event  having  occurred  at  time 


e(X'(s))ds 


(P.l) 
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/_],  the  quantity 


=  r  <X'(s))ds  iB.3) 

Jt-i 

is  found  from  the  ctirrent  network  state  and  the  list  of  events  (transitions)  in  the 
past.  The  cumulative  probability  of  success  is  multiplied  by  exp{— At  the 
end  of  a  packet,  if  the  packet  is  received,  the  throughput  is  incremented  by  rPs. 
the  packet  length  times  the  probability  of  success. 

Using  ratio  estimation  techniques,  the  expected  value  of 


lim 
r— 00 


EjLi 

T 


(BA) 


can  be  estimated,  where  the  packets  j  =  1,2....,  are  all  those  packets  which 
finish  in  the  inter^•al  [O.T].  The  throughput  calculated  by  setting  X'{t)  equal  to  the 
maximum  or  minimum  of  XCt)  will  correspond  to  the  bounds  of  §5.5.  Furthermore, 
the  simulation  itself  can  be  checked  by  setting  X'{t)  =  X(t),  and  comparing  to  the 
analytical  results.  As  seen  in  Chapter  5,  the  agreement  is  well  within  the  sample 
confidence  intervals. 


B.2  Preamble  Synchronization 

A  similar  approach  is  used  for  validating  the  network  approximations  with  a 
realistic  synchronization  process.  In  this  case,  in  addition  to  the  effect  on  error 
rates,  the  evolution  of  the  interference  also  affects  the  probabilities  of  detection 
and  of  false  alarm.  A  number  of  events  that  were  treated  probabilistically  in  the 
analysis  are  specifically  accounted  for  in  the  simulation.  The  model  makes  use  of 
the  probabilities  of  detection  and  false  alarm  determined  in  §6  2. 
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The  detection  and  verification  probabilities  and  probability  of  fedse  verification 
are  all  calculated  from  the  average  of  the  interference  over  the  correlation  time.  The 
model  specifically  tracks  the  network  evolution  over  each  preamble,  eliminating  the 
need  for  the  auxiliary’  variables.  In  addition,  the  model  accounts  for  the  state  of  the 
active  correlator  or  correlators  at  each  radio,  retaining  the  number  that  aie  busy 
and  the  times  at  which  they  become  free.  It  is  again  assumed  that  a  false  lock  will 
cause  the  radio  to  be  busy  for  a  fixed  length  interval  of  64  bits. 

The  one  approximation  which  is  retained  from  the  model  of  Chapter  6  is  that 
the  false  detections  are  generated  from  a  Poisson  process,  whose  rate  is  a  function 
only  of  the  current  interference  level,  not  the  average  interference  over  a  window 
of  length  A  more  accurate  model  which  averaged  over  this  window  would  be 
even  more  complex,  and  would  lead  to  an  increase  in  the  run  time.  Because  this 
window  is  small  in  comparison  to  the  time  between  network  transitions,  and  the 
probability  of  false  detection  changes  rather  slowly  as  a  function  of  the  interference, 
this  approximation  will  have  negligible  impact  on  the  overall  performance. 

Compared  to  the  simulation  described  in  §B.l,  there  are  many  more  events 
happening  in  a  unit  time  interv’al  for  the  simulation  of  the  synchronization  process. 
In  particular,  except  when  /i  is  large,  there  are  memy  false  detections  occurring 
at  every  radio.  Therefore,  for  the  simulation  to  be  efficient,  it  necessary  to  treat 
the  false  detections  separately  from  the  network  transitions.  There  are  again  event 
lists  for  future  and  past  events,  but  a  new  list  is  added  which  accounts  for  false 
verifications.  The  state  space  is  greatly  expanded,  and  explicitly  indicates  the  states 
of  individual  radios,  which  are  one  of  the  following:  i?p,  synchronized  to  a  preamble: 
R,  receiving  a  packet;  Xp,  transmitting  a  preamble;  .Y,  transmitting  a  packet,  F. 
false  lock,  and  Idle.  Also,  the  events  are  listed  below. 

BOP:  Beginning  of  preamble 
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PD: 

Preamble  detection 

LPD: 

Last  preamble  detection 

EOV; 

End  of  verification 

EOLV: 

End  of  last  verification 

EOP: 

End  of  preamble 

EOT: 

End  of  transmissioii 

EOTR: 

End  of  received  transmission 

EOFV; 

End  of  false  verification 

EOFL: 

End  of  false  lock 

Associated  with  each  event  are  a  number  of  \'ariables.  These  include  the  source 
amd  destination  and  the  time  of  the  event.  For  each  ongoing  preamble,  a  list  is 
kept  of  all  radios  which  are  receiving  the  preamble,  needed  for  the  case  of  space 
homogeneous  preamble  codes.  Also,  the  cumulative  interference  is  stored  for  every 
preamble  detection  and  end  of  verification,  and  every  end  of  false  verification.  For 
the  end  of  received  transmissions,  the  cumulative  probability  of  success  is  stored  as 
before.  Other  variables  track  the  state  of  each  radio,  the  total  number  of  radios  in 
a  given  state,  and  the  state  of  the  bank  of  active  correlators  at  each  receiver. 

Similar  to  the  updating  of  the  cumulative  probability  of  success  described  in 
§B.l,  at  each  event  the  cumulative  noise  is  updated  for  all  preamble  detections,  end 
of  verifications,  and  end  of  false  verifications.  New  transmissions  axe  drawn  from  an 
exponential  distribution,  at  rate  {M  —  X  —  R  -  Xp  -  Rp  —  F)g.  If  the  transmission 
precedes  the  next  event,  it  is  added  to  the  future  event  list  eis  the  next  event: 
otherwise  it  is  discarded.  However,  because  the  false  events  are  treated  separately, 
this  transmission  is  tentative,  and  may  be  discarded  if  the  source  is  in  false  lock  at 
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the  scheduled  time.  This  model  accoimts  for  the  particular  radios  involved,  so  when 
a  new  transmission  occurs,  the  source  is  determined  from  a  random  variable  which 
is  drawn  uniformly  over  all  the  idle  radios,  and  the  destination  is  chosen  uniformly 
over  all  other  radios. 

After  checking  for  new  packets,  the  false  detections  occurring  before  the  next 
event  are  determined.  For  each  PRU  that  is  not  transmitting,  the  number  of  false 
detections  is  drawn  from  a  Poisson  process,  at  a  rate  equal  to 

{B.O) 

where  I  =  X  +  Xp  —  1,  and  to  is  the  time  of  the  current  event  and  ti,  the  time 
of  the  next  event.  The  times  of  the  false  detections  are  then  chosen  uniformly  in 
the  inter\-al  [to-ti].  An  ordered  list  keeps  track  of  the  state  of  the  bank  of  active 
correlators.  For  each  false  detection,  it  is  determined  whether  there  was  an  active 
correlator  available.  If  so,  an  active  correlator  is  assigned  to  that  false  detection,  and 
the  time  of  the  end  of  false  verification  is  calculated.  The  list  of  active  correlators 
for  that  radio  is  updated  and  an  end  of  false  verification  event  is  added  to  the  false 
event  list.  This  is  repeated  for  every  radio  that  is  not  transmitting. 

Next,  the  end  of  false  verifications  are  processed  for  the  inter\'al  [fo.fi]-  If  the 
false  verification  began  before  time  to,  the  interference  is  updated  from  the  time  of 
the  current  event,  to  the  time  of  the  false  verification.  Otherwise,  the  interference 
is  constant  and  equal  to  I  =  X  -h  Xp  —  1.  In  either  case,  the  probability  of  false 
verification  is  determined  using  the  average  interference  over  fco  chips.  If  a  false 
verification  occurs,  all  of  the  false  detections  for  that  radio  at  times  before  the  end 
of  false  lock  are  deleted.  A  false  lock  can  have  two  effects:  it  can  cause  a  radio  to 
skip  a  transmission  at  a  scheduling  point  or  it  can  cause  a  radio  to  miss  a  reception. 
Because  the  next  event  precedes  or  equals  the  next  scheduling  point  for  all  idle 
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radios,  any  false  lock  that  ends  before  the  next  event  does  not  affect  the  network 
behavior.  If  the  false  lock  continues  beyond  the  next  event  at  time  ti.  the  end 
of  false  lock  event  is  added  to  the  future  event  list,  and  the  state  of  the  radio  is 
changed  to  FL.  The  next  event  is  then  checked,  to  see  if  it  is  a  new  transmission  by 
the  radio  in  false  lock.  If  so,  the  beginning  of  preamble  event  is  changed  to  a  null 
event,  w’hich  is  later  removed.  This  null  event  is  needed  so  that  the  next  inter\-al 
over  which  the  false  events  are  calculated  is  correct. 

For  the  beginning  of  a  preamble,  at  time  foi  the  state  of  the  source  is  updated 
to  Xp,  and  the  active  correlators  are  all  set  to  idle.  Preamble  detection  events  are 
added  to  the  future  event  list  at  the  times  at  which  detections  may  occtir,  which  is 
simply  <0  +  Tp,  for  the  single  cycle  case.  The  cumulative  interference  is  initialized 
to  zero.  Also,  the  event  of  the  end  of  preamble  is  added  to  the  event  list.  The 
final  cycle  is  treated  slightly  differently,  so  the  event  is  denoted  as  the  last  preamble 
detection  LPD. 

At  each  PD  or  LPD  event,  the  average  interference  is  found  from  the  cumulative 
interference  divided  by  T,,  The  probability  of  detection  is  determined,  and  a 
Bernoulli  r.v.,  with  p  =  P^j  is  drawn.  If  detection  is  successful,  and  the  state  of  the 
destination  is  Idle,  and  there  is  an  active  correlator  a'v’ailable  at  the  destination, 
the  active  correlator  list  is  updated  and  the  list  of  radios  verifying  the  preamble 
is  initialized  to  include  the  destination.  For  space  homogeneous  preambles,  this  is 
repeated  for  all  idle  radios.  If  the  list  of  radios  verifying  is  not  empty,  an  end  of 
verification  event  is  added  to  the  future  event  list.  The  cumulative  interference  for 
the  verification  is  initialized  to  0.  If  the  detection  event  was  a  LHD.  rather  than 
adding  an  EOV  event,  the  EOP  event  is  changed  to  an  EOL\'. 

When  the  verification  finishes,  at  zm  EOV  or  EOLV  event,  the  average  interfer¬ 
ence  is  again  found,  and  it  is  determined  probabilistically  wheter  the  preamble  is 
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verified  or  not,  for  all  radios  verifying.  If  a  radio  successfully  verifies  the  preamble, 
the  state  of  that  raxiio  is  changed  to  R^.  and  it  is  recorded  which  source  is  being 
received.  For  receiver  directed  codes,  only  the  destination  can  be  verifying,  so  only 
the  destination  can  lock  onto  the  preamble. 

At  the  end  of  the  preamble,  the  length  r  of  the  packet  is  drawn  from  an  ex¬ 
ponential  distribution.  If  the  length  is  less  than  Tp  then  the  data  portion  is  set  to 
length  zero.  Otherwise,  the  length  of  the  data  portion  is  set  equal  to  t  —  T-p.  If 
the  state  of  the  destination  is  Rp,  and  it  is  receiving  the  preamble  from  the  correct 
source,  an  EOTR  event  is  added  to  the  event  list.  Otherwise,  an  EOT  e\ent  is 
added.  The  cumulative  probability  of  success  is  set  to  one.  Next,  all  those  radios 
that  were  locked  onto  the  preamble  but  are  not  the  destination,  in  the  space  homo¬ 
geneous  case,  are  returned  to  the  state  Idle.  The  end  of  transmission  and  end  of 
received  transmission  are  similar  to  the  events  discussed  in  §B.l. 

This  simulation  has  been  used  to  validate  the  approximate  model  of  the  SSM.4 
PR  network  with  a  realistic  preamble  synchronization  process.  The  model  is  com¬ 
plex,  but  is  able  to  specifically  account  for  all  the  events  affecting  the  synchro¬ 
nization.  As  seen  in  Chapter  6,  the  results  from  simulation  agree  well  with  the 
approxiiiiate  analytical  results. 
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